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Abstract
We discuss how gerbes may be used to set up a consistent Lagrangian approach to
the WZW models with boundary. The approach permits to study in detail possible
boundary conditions that restrict the values of the fields on the worldsheet boundary
to brane submanifolds in the target group. Such submanifolds are equipped with an
additional geometric structure that is summarized in the notion of a gerbe module
and includes a twisted Chan-Paton gauge field. Using the geometric approach, we
present a complete classification of the branes that conserve the diagonal current-
algebra symmetry in the WZW models with simple, compact but not necessarily
simply connected target groups. Such symmetric branes are supported by a discrete
series of conjugacy classes in the target group and may carry Abelian or non-Abelian
twisted gauge fields. The latter situation occurs for the conjugacy classes with fun-
damental group Z2×Z2 in SO(4n)/Z2. The branes supported by such conjugacy
classes have to be equipped with a projectively flat twisted U(2) gauge field in one
of the two possible WZW models differing by discrete torsion. We show how the
geometric description of branes leads to explicit formulae for the boundary parti-
tion functions and boundary operator product coefficients in the WZW models with
non-simply connected target groups.
1 Introduction
Boundary conformal field theories play an important role in the study of two- or (1+1)-
dimensional critical phenomena in finite geometries and in the understanding of branes
in string theory. In the latter context much of the original work has been done in the
Lagrangian approach where one considers tense strings moving in flat or nearly flat
space-times, with ends restricted to special submanifolds called Dirichlet branes or D-
branes [61]. From the worldsheet point of view, this amounts to the study of conformally
invariant boundary sigma models with flat or nearly flat target spaces and with fields
∗membre du C.N.R.S.
2on the worldsheet boundary restricted to take values in the brane submanifolds of the
target. The latter are chosen in a way that assures that the boundary theory still has
(half of) the conformal symmetry. Such boundary sigma models constitute, at least
perturbatively, examples of boundary conformal field theories. On the non-perturbative
level, the field theories of this type may be analyzed in algebraic terms with the powerful
2d conformal symmetry toolkit [20], as initiated in [16]. In this way, boundary conformal
field theory provides a formulation of the stringy or D-geometry [22]. Understanding how
this geometry modifies the standard geometry requires also a translation of as many of
its aspects as possible to a more standard Lagrangian geometric language. This program
has been implemented to a certain degree for the Calabi-Yau sigma models and the
N = 2 supersymmetric boundary conformal field theories, see [22, 23, 5], where, due
to supersymmetry, the relation between the stringy and the classical geometry may be
traced a long way and is reflected in the mirror symmetry [48].
Similar question may be studied for the Wess-Zumino-Witten (WZW) model, a con-
formally invariant sigma model with a group manifold as the target [71]. Here, it is the
rich current-algebra symmetry that allows to trace the relation between the stringy and
the classical geometry. In the WZW model, one may access the stringy geometry via
the exact solution of the corresponding boundary conformal field theory. On the other
hand, one may interpret this solution within the Lagrangian approach. In particular, the
WZW theories provide an important laboratory for studying stringy geometry of curved
D-branes with non-trivial fluxes of the Kalb-Ramond B-field [67]. In the simplest case,
the so called (maximally) symmetric D-branes in the WZW models with compact targets
correspond to a discrete series of the integrable conjugacy classes in the group manifold
[47, 2]. These are the conjugacy classes that contain elements e2πiλ/k where k is the level
of the model (related to its coupling constant) and λ is the highest weight of a chiral
current-algebra primary field of the theory. For the so called diagonal WZW models with
simply connected target groups, there is a unique integrable conjugacy class for each λ
and a unique maximally symmetric conformal boundary condition associated to it [2],
see also [37]. This results in a one-to-one correspondence between the primary fields and
the boundary conditions, as predicted in [16]. The situation is more complex for the
non-diagonal WZW models corresponding to non-simply connected target groups. The
set of maximally symmetric conformal boundary conditions and the exact solution for
the boundary model have been described in [30, 32, 70] in terms of the so called simple
current structure [50], see also [7, 59, 34]. This description exposes a more complicated
relation between the integrable conjugacy classes and the boundary conditions, with oc-
currence of non-trivial multiplicities of the latter for a fixed conjugacy class and with a
possibility of spontaneous generation of non-Abelian gauge-type structure [31]. In par-
ticular, ref. [32]stressed the role of the finite group cohomology in the boundary model.
The aim of the present paper is to provide a geometric picture of the classification of the
symmetric branes for the WZW models with non-simply connected targets by carefully
setting up the Lagrangian approach to such models in the presence of boundaries.
The characteristic feature of the WZW model in the Lagrangian formulation is the
presence of the coupling to a topologically non-trivial Kalb-Ramond background 2-form
field B on the target group. This field is defined locally, only with its exterior derivative
H = dB , equal to the standard invariant 3-form on the group, making sense globally.
As noted in [71], the fact that the 3-form H is not exact so that there is no global B
3field allows a consistent definition of the classical amplitudes in the bulk theory (i.e. on
worldsheets without boundary) only if the periods of the 3-form H are in 2πZ. This
leads to the quantization of the the coupling constant of the WZW model that was
analyzed in [71] for simply connected target groups and in [27] for non-simply connected
ones. The careful Lagrangian formulation of the theory permitted a direct calculation of
the quantum spectra of the bulk WZW models [42, 27].
An idea of how to define the bulk amplitudes for a general sigma model coupled to a
closed 3-form H on the target with periods in 2πZ was proposed in [3]. This proposal
was reformulated in terms of the 3rd degree Deligne cohomology in [36]. The recent
years have brought a realization that such cohomology classifies geometric objects over
the target manifolds called (Abelian) bundle gerbes with connection [56, 19, 44]1. The
closed 3-form H provides the curvature form of the gerbe. In the presence of boundaries,
the B-field ambiguities lead to new phenomena and result in the quantization of possible
D-brane boundary conditions first observed in [47] and [2] for the case of the WZW
models with simply connected targets. The geometric language of gerbes appears quite
useful in dealing with the intricacies of the open string amplitudes in the presence of
topologically non-trivial B-fields. In particular, the Lagrangian description of the Chan-
Paton coupling of the ends of the open string to a non-Abelian Yang-Mills field on the
D-brane leads in a natural way to the notion of gerbe modules, as first noted in ref. [46]
inspired by [29], see also [17] (in [46] such modules were viewed as modules over the
Azumaya algebras). The gerbe modules also appear in a definition [10] of the twisted K-
theory groups containing the Ramond-Ramond charges of the supersymmetric D-branes
[72, 54].
The construction of the bundle gerbes with curvature proportional to the invariant
3-form over the SU(2) group may be traced back to [36] and predates the geometric
definition of the notion. The bundle gerbes over SU(N) were constructed in [19] and,
independently but later, in [39]. The extension of this construction to other simple,
compact, simply connected groups required overcoming additional difficulties and was
achieved in [53], see [15, 8] for a related work. The bundle gerbes over non-simply
connected groups were described in [36] for the SO(3) group, in [39] for the groups
covered by SU(N) and in [40] for all non-simply connected, simple, compact Lie groups.
As is well known, see e.g. [49], pushing down a line bundle from manifold M to its
quotient by free action of a finite group Z requires solving a cohomological equation
δW = V that expresses a 2-cocycle V on group Z as a boundary, with the cohomology
class of V representing the obstruction. Similar considerations for gerbes [68, 62] lead to
a cohomological equation δV = U in one degree higher, with the obstruction to pushing
down a gerbe to the quotient space represented by the cohomology class of the 3-cycle U
on Z. Calculating the 3-cocycles U and solving the equation δV = U whenever possible
for all quotients G′ of simply connected, simple, compact groups G by subgroups Z of
their center was the essence of the work done in [40]. We shall crucially depend in the
present paper on those results. In [39], the gerbes over SU(N) and its quotients were
used to classify the symmetric D-branes of the WZW models with these groups as the
target. Such branes consisted of an integrable conjugacy class in the group equipped with
additional geometric structure which included an Abelian gauge field on the conjugacy
1see [43] and [14] for the categorial avatars of bundle gerbes
4class. Pushing down the line bundle carrying the gauge field from a conjugacy class
in SU(N) to a conjugacy class in the quotient group required solving a cohomological
equation δW = V , as discussed above.
Below, we shall extend the geometric classification of the symmetric D-branes to
WZW models with target groups that are simple, compact but not necessarily simply
connected. As in the SU(N) case, such branes are supported by integrable conjugacy
classes. The general case will require to include in the additional structure a projectively
flat twisted non-Abelian gauge field on the conjugacy class. The adequate formulation
is based on the notion of gerbe modules, also called twisted vector bundles [46, 51, 10].
More exactly, we shall classify, up to isomorphism, the possible gerbe modules over the
integrable conjugacy classes C with the gerbe over C obtained from the gerbe over the
group by restriction. For simply connected groups there is a unique 1-dimensional gerbe
module corresponding to a symmetric brane over each integrable conjugacy class. All
higher dimensional ones are its direct sums. The construction of the gerbe modules over
integrable conjugacy classes C′ in the non-simply connected quotient groups G′ = G/Z
leads to a cohomological equation δW = V expressing a 2-cocycle V on the fundamental
group of the conjugacy class C′ as a boundary, similarly as for pushing to quotients
usual line bundles. The cohomology class of V is the obstruction to the existence of a
1-dimensional gerbe module over C′ giving rise to a symmetric brane. If the obstruction
class is trivial then such 1-dimensional modules exist and different ones differ by tensor
multiplication by flat line bundles over C′. Higher dimensional modules are then direct
sums of 1-dimensional ones. If the obstruction class is non-trivial, there are still matrix-
valued solutions of the equation δW = V and they give rise to higher dimensional gerbe
modules over the conjugacy classes C′ that do not decompose into a direct sum of 1-
dimensional ones. This mimics the situation for line bundles which may always be pushed
down to vector bundles over regular discrete quotients. The matrix-valued solutions W
give rise to symmetric branes carrying a projectively flat twisted non-Abelian gauge
field. Such a situation occurs for the conjugacy classes with fundamental group Z2×Z2
in the SO(4n)/Z2 groups. These are groups that admit two non-equivalent gerbes
distinguished by discrete torsion [69, 68], as first realized in [27] where the ambiguity was
identified as periodic vacua. For one of those gerbes, the possible gerbe modules leading to
symmetric branes are direct sums of 2-dimensional modules that cannot be decomposed
further. Similar spontaneous enhancement of the gauge symmetry has been previously
observed at orbifold fixed points of the Calabi-Yau sigma models in [21, 24]. Within the
algebraic approach based on simple current structure to non-diagonal boundary WZW
and coset models, it was related in [31] to the presence of projective representations of
the simple current symmetries. We recover such representations in the description of the
2-dimensional gerbe modules corresponding to the D-branes in SO(4n)/Z2.
The geometric constructions, although based on classical considerations, lead through
geometric quantization to simple expressions for the boundary partition functions and the
boundary operator product coefficients in the quantum WZW models with non-simply
connected target groups, as noted in [39]. Such expressions result from a realization
of the open string states of the model with a non-simply connected target group G′ =
G/Z as the states of the model with the covering group G target that are invariant
under an action of the fundamental group Z. The existence of such an action and the
above picture become clear in the geometric realization of the states of the models, see
5Sect. 9.2 of [39]. Although they may be, and will be, formulated within a more standard
algebraic approach, they employ the cohomological structures that appear naturally in
the geometric classification of the branes discussed here showing the pertinence of the
latter for the quantum theory.
The paper is organized as follows. In Sect. 2, we present the notions of bundle gerbes
and gerbe modules in a relatively pedestrian fashion, with stress on the local description.
How those notions are employed to define the contributions to the action functional of
the topologically non-trivial B field and the Chan-Paton coupling to the non-Abelian
gauge fields on the branes in the presence of such a B field is the subject of Sect. 3. The
next two sections are the most technical ones. In Sect. 4 we recall briefly the construction
of the gerbes over Lie groups relevant for the treatment of the B field contributions in
the WZW models. We discuss the case of simple compact groups, both simply connected
[53] and non-simply connected [40]. The symmetric branes and their geometric classi-
fication are studied in Sect. 5, first for the simply connected groups (in Sect. 5.1) and
then for the non-simply connected ones (in Sect. 5.2). The latter discussion, culminating
in considerations leading to the cohomological equation δW = V constitutes the main
part of the present work. We have not found yet a more concise way to describe the
solutions W for all cases with trivial cohomology class of V and have opted for tabu-
lating the results in Appendix A where the complete list of symmetric branes carrying
Abelian gauge fields is given. In Sect. 6, we discuss the special case of symmetric branes
in SO(4n)/Z2 that carry a twisted non-Abelian gauge field. Sect. 7 contains a discussion
of the boundary space of states in the WZW models, of the boundary partition functions
and the boundary operator product. It completes the discussion of Sects. 9 and 10 of
[39]. Conclusions summarize the results of the paper and draw perspectives for the future
research. Appendix B provides a direct check that the action of elements of the group
center on the multiplicity spaces of the boundary theory with simply connected target is
well defined and Appendix C shows how the general formulae of Sect. 7 permit to obtain
the boundary partition functions and the boundary operator product coefficients for the
WZW model with the SO(3) target.
Acknowledgements. This work has stemmed from research conducted initially
in collaboration with Nuno Reis. It was partially done in framework of the European
contract EUCLID/HPRN-CT-2002-00325.
2 Abelian bundle gerbes and gerbe modules
2.1 Local data
We start by a quick introduction to Abelian bundle gerbes and gerbe modules. It is
simplest to specify such objects by local data. For the bundle gerbes, the local approach
was developed long before the geometric approach of [56, 57], see [3, 36]. For bundle-
gerbe modules [10], also called Azumaya algebra modules or twisted vector bundles, the
local approach was discussed in [46], see also [51].
Let (Oi) be a good open covering of a manifold M (i.e. such that Oi and all
non-empty intersections Oi1...in = Oi1 ∩ · · · ∩ Oin are contractible). We shall call a
family (Bi, Aij , gijk) local data for an Abelian hermitian bundle gerbe with connection
6(in short, gerbe local data) if Bi are 2-forms on Oi , Aij = −Aji are 1-forms on Oij
and gijk = g
sgn(σ)
σ(i)σ(j)σ(k) are U(1) valued functions on Oijk such that
Bj − Bi = dAij on Oij , (2.1,a)
Ajk − Aik + Aij = i g
−1
ijkdgijk on Oijk , (2.1,b)
gjkl g
−1
ikl gijl g
−1
ijk = 1 on Oijkl . (2.1,c)
The global closed 3-form H equal to dBi on Oi is called the curvature of the cor-
responding data. Local data with curvature H exist if and only if the 3-periods of
H are in 2πZ. Writing gijk = e
2πifijk for real-valued functions fijk one obtains an
integer-valued 3-cocycle
nijkl = fjkl − fikl + fijl − fijk on Oijkl
that defines a cohomology class in H3(M,Z), called the Dixmier-Douady (DD) class
of the gerbe local data. The image of the DD-class in H3(M,R) coincides with the de
Rham cohomology class of H.
One says that two families (Bi, Aij , gijk) and (B
′
i, A
′
ij , g
′
ijk) of gerbe local data are
equivalent if
B′i = Bi + dπi , (2.2,a)
A′ij = Aij + πj − πi − i χ
−1
ij dχij , (2.2,b)
g′ijk = gijk χik χ
−1
jk χ
−1
ij , (2.2,c)
where πi are 1-forms on Oi and χij = χ
−1
ji are U(1)-valued functions on Oij . The
DD-classes of equivalent local data coincide but one may have non-equivalent local data
that correspond to the same DD-class.
Given (Bi, Aij , gijk) as above, we shall call a family (Πi, Gij) local data for an N -
dimensional hermitian gerbe module with connection (in short: gerbe-module local
data) if Πi are u(N)-valued
2 1-forms on Oi and Gij are U(N)-valued maps on Oij
such that
Πj − G
−1
ij ΠiGij − iG
−1
ij dGij +Aij = 0 on Oij , (2.3,a)
Gik G
−1
jk G
−1
ij gijk = 1 on Oijk . (2.3,b)
Recall that local data of a hermitian vector bundle with connection satisfy similar rela-
tions with Aij = 0 and gijk = 1. Two families of gerbe-module local data (Πi, Gij)
and (Π′i, G
′
ij) are said to be equivalent if
Π′i = H
−1
i ΠiHi + iH
−1
i dHi , (2.4,a)
G′ij = H
−1
i Gij Hj (2.4,b)
for U(N)-valued functions Hi on Oi. Given gerbe-module local data (Πi, Gij) relative
to gerbe local data (Bi, Aij , gijk) and equivalent local gerbe data (B
′
i, A
′
ij , g
′
ijk), the
family (Πi − πi, Gijχ
−1
ij ) provides a gerbe-module local data relative to (B
′
i, A
′
ij , g
′
ijk).
We shall call such data induced from (Πi, Gij) by the equivalence of local gerbe data.
2
u(N) denotes the Lie algebra of hermitian N ×N matrices
7Gerbe-module local data exist only if and only if the DD-class of the associated gerbe
local data is pure torsion, i.e. if the curvature H is an exact form, a very stringent
requirement. The only if part may be be easily deduced from (2.3) by taking its trace
and exterior derivative to infer that Bi +
1
N trΠi define a global form on M whose
exterior derivative is equal to H. The if part may be inferred from the discussion in
[10].
It is sometimes convenient to reduce the structure group of a gerbe module (as for the
standard vector bundles) from U(N) to a compact group G assumed here to contain a
distinguished central U(1) subgroup. This is done by requiring in the definitions above
that Πi are g-valued forms, where g is the Lie algebra of G, and Gij and Hi are
G-valued. One may then return to the previous situation by composition with an N -
dimensional unitary representation U of G acting as identity on the U(1) subgroup of
G.
2.2 Geometric definitions
One may construct geometric objects from local data (Bi, Aij , gijk). Let Y = ⊔
i
Oi be
the disjoint union of Oi and π be the natural map (m, i) 7→ m from Y to M . Local
2-forms Bi define a global 2-form B on Y such that
dB = π∗H . (2.5)
Denote by Y [n] the n-fold fiber product Y ×M · · · ×M Y . Clearly, Y
[n] = ⊔
(i1,...,in)
Oi1...in
and we shall use the notation (m, i1, . . . , in) for its elements. Consider the trivial line
bundle L = Y [2] ×C over Y [2] with the hermitian structure inherited from C. It may
be equipped with a (unitary) connection with local connection forms equal to Aij on
Oij . The curvature form F of this connection satisfies
F = p∗2B − p
∗
1B (2.6)
where pi denote the projections in Y
[n] on the i th factor. Finally, L may be equipped
with a groupoid multiplication
L(y,y′) × L(y′,y′′)
µ
−→ L(y,y′′) (2.7)
defined by µ((m, i, j; z), (m, j, k; z′)) = (m, i, k; gijk(m) z z′).
In general, G = (Y,B,L, µ) is called an Abelian hermitian bundle gerbe with con-
nection over M (in short: a gerbe), with curvature H , if π : Y → X is a surjective
submersion, B is a 2-form on Y satisfying (2.5) called the gerbe’s curving and L is
a hermitian line bundle with connection over Y [2] satisfying (2.6) and equipped with
a bilinear groupoid multiplication (2.7) preserving hermitian structure and parallel
transport. In particular, the unity of the groupoid multiplication defines the canonical
isomorphisms L(y,y) ∼= C and L(y′,y) ∼= L
∗
(y,y′). See [56] for a more formal definition.
The most trivial example of a gerbe is the unit gerbe (M, 0,M ×C, · ) with vanishing
curvature and with the groupoid structure in the trivial line bundle L over M [2] ∼= M
determined by the product in C.
8As we have seen, there is a gerbe corresponding to each family of local data. Con-
versely, given a gerbe G , one may associate to it (non-canonically) a family of local
data. In order to do this, one chooses local maps σi : Oi → Y such that π ◦ σi = id
and local sections sij : σij(Oij) → L, where σij(m) = (σi(m), σj(m)), such that
sji ◦ σji = (sij ◦ σij)
−1. Then the relations
Bi = σ
∗
iB , (2.8,a)
σ∗ij(∇sij) =
1
i
Aij sij ◦ σij , (2.8,b)
µ ◦ (sij ◦ σij ⊗ sjk ◦ σjk) = gijk sik ◦ σik . (2.8,c)
determine gerbe local data (Bi, Aij , gijk) with curvature H. Different choices of σi and
sij lead to equivalent local data. We shall call the DD-class associated to such local data
the DD-class of the gerbe.
Similarly, one may associate a geometric object to gerbe-module local data (Πi, Gij)
corresponding to gerbe local data (Bi, Aij , gijk). Again with Y = ⊔
i
Oi , one considers
the N -dimensional hermitian vector bundle E = ⊔
i
Oi × C
N over Y equipped with a
(unitary) connection given over Oi by the local connection 1-forms Πi. Let
ρ : L⊗ p∗2E −→ p
∗
1E
be the isomorphism of the vector bundles over Y [2] such that ρ((m, i, j; z)⊗ (m, j; v)) =
(m, i;Gij(m)v). Isomorphism ρ is associative w.r.t. the groupoid multiplication µ :
ρ ◦ (µ⊗ id) = ρ ◦ (id⊗ ρ) . (2.9)
More generally, given a gerbe G = (Y,B,L, µ), a pair (E, ρ) = E is called an N -
dimensional hermitian G-module with connection (in short: a G-module) if E is an
N -dimensional vector bundle with (unitary) connection over Y and ρ is a vector bundle
isomorphism as above, preserving hermitian structure and connection and satisfying
(2.9). Two G-modules (E, ρ) and (E′, ρ′) are called isomorphic if there exists an
isomorphism ι : E → E′ of hermitian vector bundles with connection such that
p∗1ι ◦ ρ = ρ
′ ◦ (id⊗ p∗2ι) .
The unit-gerbe modules coincide with hermitian vector bundles with connection over M .
As we have seen, there is a G-module associated to a family (Πi, Gij) of gerbe-module
local data corresponding to gerbe local data (Bi, Aij , gijk), where gerbe G is constructed
from the latter. Conversely, given a gerbe G and a G-module E = (E, ρ), upon a choice
of sections σi and sij for the former and of orthonormal bases (e
a
i ) of sections of E
over σi(Oi), the relations
σ∗i∇e
a
i =
1
i
Πbai ⊗ e
b
i , (2.10,a)
ρ ◦ (sij ◦ σij ⊗ e
a
j ◦ σj) = G
ba
ij e
b
i ◦ σi (2.10,b)
define local gerbe-module data (Πi, Gij). Isomorphic G-modules give rise to equivalent
local data and conversely.
9To reduce the structure group from U(N) to a compact group G containing a central
U(1) subgroup, we may consider pairs (P, ρ
P
) where P is a principal G-bundle with
connection over Y and
ρ
P
: SL×Y [2] p
∗
2P −→ p
∗
1P
is an isomorphism of principal G-bundles with connection over Y [2], with SL denoting
the circle subbundle of L. We assume that over Y [3],
ρ
P
◦ (µ × id) = ρ
P
◦ (id × ρ
P
) .
This implies that for each y ∈ Y , there is an action of U(1) ∼= SL(y,y) on Py and we
shall require that it coincide with the restriction to U(1) of the action of G on Py.
We shall call such pairs (P, ρ
P
) twisted G-bundles. Given an N -dimensional unitary
representation U of G acting as identity on the U(1) subgroup, the pair (E, ρ), where
E = P ×GC
N is the associated vector bundle and ρ is naturally induced by ρ
P
, forms
a G-module associated to (P, ρ
P
). We shall demand that the isomorphisms ι of the
associated G-modules be induced from the isomorphisms of the principal bundles that
intertwine the maps ρ
P
. As for usual bundles, each N -dimensional gerbe module may
be viewed as associated to its orthogonal frame bundle which is a twisted U(N)-bundle.
There are natural operations on gerbes and gerbe modules. One defines the dual
gerbe G∗ = (Y,−B,L∗, (µ∗)−1) with curvature −H and the tensor product of two
gerbes
G ⊗ G′ = (Y ×M Y ′, p∗B + p′
∗
B′, (p[2])∗L⊗ (p′[2])∗L′, µ⊗ µ′)
with curvature H + H ′ where p, p′ stand for the projections of Y ×M Y ′ onto Y
and Y ′, respectively. Note that the tensor product of G with the unit gerbe may be
naturally identified with G. For f : N → M , f∗G will denote the pullback gerbe
(with curvature f∗H) and for N ⊂M , G|N the restriction of G to N (the pullback
by the embedding map). Similarly, for a G-module E = (E, ρ), one may define a
dual G∗-module E∗ = (E∗, (ρ∗)−1) as well as the pullbacks and the restrictions of E .
If E ′ = (E′, ρ′) is another G-module then one may form the direct sum G-module
E ⊕ E ′ = (E ⊕ E′, ρ ⊕ ρ′). Moreover, if E ′ = (E′, ρ′) is a G′-module, then E ⊗ E ′ =
(p∗E ⊗ p′∗E′, ρ⊗ ρ′) is a (G ⊗ G′)-module, the tensor product of E and E ′. If there
exists a 1-dimensional G-module E1 then any G-module is isomorphic to a tensor product
of E1 by a unit-gerbe module (i.e. by a vector bundle over M). We shall often use this
property below.
Given two gerbes G, G′ over M , a 1-dimensional (G ⊗ G′∗)-module N = (N, ν)
such that the curvature of the connection of N is equal to the 2-form p′∗B′ − p∗B on
Y ×M Y
′ is called a stable isomorphism between G and G′ and the gerbes for which
such a module exists are said to be stably isomorphic [57]. Given a stable isomorphism
between G and G′, any G′ module (E′, ρ′) induces in a natural way a G-module (E, ρ)
where Ey = N(y,y′) ⊗ Ey′ for (y, y
′) ∈ Y ×M Y ′ (the latter spaces are identified for
different y′ with the use of the G ⊗ G′∗ module structure on N ). One may this way
compare gerbe modules over stably isomorphic gerbes. In particular, two gerbe modules
induced by the same stable isomorphism are themselves isomorphic if and only if the
original gerbe modules are.
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Gerbes over M with curvature H exist if and only if the periods of H are in 2πZ.
Two gerbes are stably isomorphic if and only if their local data are equivalent. For H = 0,
the set of stable isomorphism classes forms a group under tensor product that may be
identified with the cohomology group H2(M,U(1)) by considering gerbes corresponding
to local data (0, 0, uijk), where uijk is a U(1)-valued Cˇech 2-cocycle. Two stable iso-
morphism classes of gerbes with the same curvature differ by tensor multiplication by a
class of zero curvature, i.e. by an element of H2(M,U(1)).
G-modules exist if and only if the DD-class of G is torsion i.e. if the curvature H of
G is exact. Two G-modules are isomorphic if and only if their local data associated to
the same local data of G are equivalent.
3 Wess-Zumino action functional
Let Σ denote a 2-dimensional compact oriented surface and let M be a manifold. In
2d sigma models, Σ plays the role of a 2d spacetime or the string worldsheet and M
that of the target space, with classical fields φ mapping Σ to M . In such models that
appear in conformal field theory or in string theory, for example in the celebrated WZW
model [71], one would like to consider the Wess-Zumino type contributions to the action
functional of fields φ that may symbolically be written as
SWZ(φ) =
∫
Σ
φ∗d−1H (3.1)
where H is a closed 3-form on M . The problem with such topological3 Wess-Zumino
terms of the action is that the (Kalb-Ramond) 2-form B = d−1H such that dB = H
does not exist globally if H is not exact and even if it is, B is not unique. This is at
this place that the gerbes and bundle gerbes show their utility [36, 46].
3.1 Closed string amplitudes
Let G be a gerbe with curvature H. Then φ∗G is a gerbe over Σ (with curvature
vanishing for dimensional reasons) and its stable equivalence class defines a cohomology
class in H2(Σ, U(1)). For Σ without boundary (such surfaces describe bulk 2d space-
time geometry or closed string worldsheets), H2(Σ, U(1)) = U(1) and one may define
the closed string amplitude A(φ) = e iSWZ(φ) as equal to φ∗G viewed as an element of
U(1) in a direct generalization of the notion of holonomy in line bundles [36], see also
[60]. The amplitude defined this way depends only on the stable isomorphism class of
G. Given local data (Bi, Aij , gijk) and a sufficiently fine triangulation of Σ with each
triangle c contained in some subset Oic , one has [3, 36]
A(φ) = exp
[
i
∑
c
∫
c
φ∗Bic + i
∑
b⊂c
∫
b
φ∗Aicib
] ∏
v∈b⊂c
gicibiv(φ(v)) , (3.2)
where edges b and vertices v of the triangulation are contained in Oib and Oiv ,
respectively. In the product over vertices on the right hand side, the convention is
assumed that inverts the entry if the orientation of v inherited from c via b is negative
3i.e. independent of the metric on Σ
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(i.e. if b is oriented from v to another vertex). This formula makes explicit the cor-
rections needed to add to the sum of local contribution
∫
c
φ∗Bic to the action for closed
surfaces Σ.
3.2 Open string amplitudes: coupling to the Yang-Mills field
Surfaces with boundary describe 2d space-time geometry with boundaries or open-string
worldsheets (with closed strings propagating in the handles). Suppose that ∂Σ = ⊔
s
ℓs
where ℓs are the boundary loops that we shall, for convenience, parametrize by the
standard circle S1. Applying the same formula (3.2) to define the amplitude A(φ) as in
the closed string case, one observes that now the right hand side changes upon a change
of the triangulation and the assignments ib and iv on the boundary. These changes
may be summarized by saying that
e iSWZ (φ) ∈ ⊗
s
Lφ|ℓs
where L is a hermitian line bundle with connection over the loop space LM determined
canonically by the local data (Bi, Aij , gijk) of gerbe G [36]. In order to obtain number-
valued open-string amplitudes, one may couple the ends of the open string to the (twisted)
Yang-Mills field represented by a G-module E with local data (Πi, Gij). The coupling
is done by multiplying the amplitude e iSWZ(φ) by the traces of the appropriately defined
holonomy of the boundary loops, see [46, 51, 17]. More precisely, define for a (pointed)
loop ϕ : S1 →M its holonomy by
H(ϕ) = P
∏
v∈b
Givib(ϕ(v)) exp
[
i
∫
b
ϕ∗Πib
]
(3.3)
for a sufficiently fine triangulation (split) of S1 by intervals b with vertices v such
that ϕ(b) ⊂ Oib and ϕ(v) ∈ Oiv . The operator P orders the terms and the exponetial
path-wise (i.e. in agreement with the standard orientation of S1) from right to left,
starting from the vertex 1. Again, the matrix Givib should be inverted if v has negative
orientation. Below, we shall use the same expression to define the parallel transport
along open lines. For loops, let W(φ) = trH(φ) be the corresponding Wilson loop
“observable”. Note that W(ϕ) does not change if we use in its definition local data
(Π′i, G
′
ij) equivalent to (Πi, Gij). A straightforward check shows that under the change
of the triangulation and its indexing, W(ϕ) transforms as an elements of L−1ϕ . It follows
that
A(φ) = e iSWZ (φ)
∏
s
W(φ|ℓs) , (3.4)
is independent of the choice of the indexed triangulation of Σ, provided that in the
definition of W(φ|ℓs) one uses the indexed triangulations of the boundary loops induced
from the indexed triangulation of Σ. The amplitude A(φ) depends only on the stable
isomorphism class of G and does not change if we use equivalent or induced local data for
E . If E is an associated gerbe module, then the holonomy H may be viewed as taking
values in group G. We shall use then the notation W
U
for the Wilson loop obtained by
taking the trace of H in representation U of G.
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3.3 Branes and general open string amplitudes
In the above definition of A(φ) one may use holonomies with respect to different G-
modules for different boundary components. As we have seen above, existence of G-
modules puts a strong restriction on gerbe G requiring that its curvature be an exact
form. Even if not satisfied globally, such a property might hold for the restriction of G
to a submanifold of M . We shall call a pair D = (D, E), where D is a submanifold
of M and E is an N -dimensional G|D-modules, a G-brane (supported by D , of rank
N). Two G-branes will be called isomorphic if they have the same support D and if
the corresponding G|D-modules are isomorphic. One may apply the above construction
of amplitude A(φ) if for each boundary component of Σ we are given a G-brane Ds
with support Ds, provided that we impose on maps φ the boundary conditions
φ(ℓs) ⊂ Ds . (3.5)
We shall need to define amplitudes A(φ) in a still more general situations [37, 39].
Let ϕ : [0, π] → M be an open line extending between submanifolds D0 and D1,
i.e. such that
ϕ(0) ∈ D0 , ϕ(π) ∈ D1 .
We shall denote by IMD
1
D0 the space of such lines. Given Ns-dimensional G|Ds-modules
Es, s = 0, 1, one may naturally define a hermitian vector bundle with connection ED1D0
over IMD
1
D0 with typical fiber C
N0⊗CN1 . This is done in a way that is a straightforward
generalization of the construction from [39] where the case of 1-dimensional modules has
been treated, see Sects. 7 and 11.2 therein. Suppose now that the map φ : Σ → M
satisfies the boundary conditions (3.5) for ℓs being closed disjoint sub-intervals of the
boundary loops of Σ, see Fig. 1.
l3
l2
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Σ
Then
A(φ) = e iSWZ (φ)
(∏
s
′
W(φ|ℓs
)
⊗
(
P ⊗
s
′′H(φ|ℓs)
)
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∈
(
⊗
m
Lφ|ℓm
)
⊗
(
P ⊗
(s−,s+)
(ED
s+
Ds− )φ|ℓs−s+
)
, (3.6)
where the product
∏′ is over ℓs that cover entirely a boundary component and the tensor
product ⊗′′ over the proper sub-intervals of boundary components, with the parallel
transport H given by the same formula (3.3) as for closed loops. In the second line, ℓm
run through the boundary loops without labeled sub-intervals and pairs (s−, s+) label
subsequent pairs of proper sub-intervals of the boundary loops separated by unlabeled
intervals ℓs−s+. This is the higher rank version of the relation (7.11) of [39].
3.4 Purely classical approach
In the last incarnation, the topological amplitudes A(φ), multiplied by the more stan-
dard non-topological4 contributions, enter the functional integral expressions for general
quantum amplitudes of the boundary two-dimensional field theory with the Wess-Zumino
term (3.1) in the action. By themselves, they are, however, objects belonging to a mixed
classical-quantum realm, the parallel transport or holonomy H being operator-valued,
i.e. a quantum-mechanical concept. One may go back one step and obtain A(φ) from
entirely classical amplitudes. This discussion is somewhat parenthetical with respect to
the main discourse of the paper and may be safely omitted by going directly to Sect. 4.
Let us first recall that the standard holonomy in the principal G-bundle P over M
may be obtained by quantizing a mechanical system with the action S
P
given by the
connection form. More exactly, let ϕ be a loop in M and t 7→ Φ(t) its lift to a loop in
P . In a local trivialization where P = O ×G, Φ(t) = (ϕ(t), γ(t)) and
S
P
(Φ) =
∫
trλ
(
i γ−1dγ + γ−1(ϕ∗A) γ
)
,
where A is the local connection form with values in the Lie algebra g of G. Above,
tr denotes a bilinear ad-invariant form on g and λ is a highest weight in the Cartan
subalgebra t ⊂ g defining a unitary representation Uλ of G. Note that the expression
for the action is invariant under the local gauge transformations
γ 7→ (ϕ∗h)−1γ , A 7→ h−1Ah + i h−1dh
induced by a change of trivialization of P so that the action is globally defined. The
Wilson loop W
Uλ
(ϕ) in representation Uλ may be expressed as a path integral (that
may be given a precise sense with the help of a Feynman-Kac type formula) over the lifts
Φ:
W
Uλ
(ϕ) =
∫
e iSP (Φ) DϕΦ
where, locally, the measure DϕΦ = Dγ.
The same approach may be generalized to the case of Wilson loops in gerbe modules.
Let E be a G-module associated to a twisted G-bundle (P, ρ
P
). Observe that P/U(1)
descends to a G′-bundle P ′ over M for G′ = G/U(1). Let ϕ be a loop in M and Φ′ its
lift to a loop in P ′. Choose local data (Πi, Gij) for E . They provide local trivializations
4i.e. depending on the metric of Σ
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P ′|Oi ∼= Oi×G
′. For a triangulation of S1 by intervals b with common vertices v such
that ϕ(b) ⊂ Oib and ϕ(v) ∈ Oiv , choose maps γb : b 7→ G such that (ϕ|b, γbU(1))
represent Φ′|b in the local trivialization of P ′|Oib . Then for two subsequent intervals
b−, b+ with common vertex v ,
γb+(v) uv = Gib+ iv (ϕ(v)) Givib− (ϕ(v)) γb−(v)
for some uv ∈ U(1). Define
e iSP (Φ
′) = exp
[
i
∑
b
∫
b
trλ
(
i γ−1b dγb + γ
−1
b (ϕ
∗Πib) γb
) ] ∏
v
uv ,
for the highest weight λ satisfying tr λ 1
i
d
dt
∣∣∣
0
eit = 1. It is easy to check that the above
expression is independent of the choice of γb. On the other hand, under the change of
indexed triangulations, it behaves as an element in L−1ϕ . As for the untwisted case, the
path integral of e iSP (Φ
′) over the lifts Φ′ reproduces the Wilson loop W
Uλ
(ϕ).
Let now φ : Σ→M and (P s, ρ
Ps
) be twisted Gs-bundles. Then the purely classical
amplitude
Acl
(
φ, (Φ′s)
)
= e iSWZ(φ)
∏
s
e iSPs(Φ
′s) ,
where Φ′s are lifts to P ′s of the boundary loops φ|ℓs , is unambiguously determined. If
the twisted bundles (P s, ρ
Ps
) are defined only over submanifold Ds ⊂ M , one should
impose the boundary conditions (3.5) on the map φ. The path integral over the lifts Φ′s
of the classical amplitudes Acl (φ, (Φ
′s)) reproduces the mixed amplitudes (3.4). It is
not difficult to generate similar path-integral representations also for the general mixed
amplitudes (3.6). Unlike the mixed formalism, the purely classical one lends itself to
canonical quantization. This is the main reason why it is useful to consider it.
4 WZW models and gerbes over compact groups
In the WZW models of conformal field theory [71], the classical (Euclidean) fields φ
map 2-dimensional Riemann surfaces into the manifold of a Lie group G that we shall
assume here to be connected, compact and simple. The action functional is taken to be
S(φ) =
k
4π
∫
Σ
tr (φ−1∂φ)(φ−1∂¯φ) +
∫
Σ
φ∗d−1H
where the closed 3-form H on G entering the Wess-Zumino term of the action is given
by
H =
k
12π
tr (g−1dg)3 . (4.1)
The bilinear form tr on the Lie algebra g will be normalized so that for simply connected
groups G the 3-form H has periods in 2πZ if and only if k (called the level of the
model) is an integer. As discussed in the previous section, in order to fully define the
amplitudes e iS(φ) for closed surfaces Σ we shall need a gerbe Gk over G with curvature
3-form H.
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4.1 Gerbes over simply connected groups
If G is a (connected, compact, simple) simply connected group, a gerbe over G with
curvature H given by (4.1) exists if and only if k is an integer and it is unique up to
stable isomorphisms since H2(G,U(1)) = {1}. Clearly one may take Gk = G
⊗k
1 . The
basic gerbe G1 over simply connected groups G has been constructed in [53]. We shall
describe gerbes Gk (dropping below the subscript k) borrowing on the discussion in
Sect. 2 of [40] and employing similar notations.
Let A
W
denote the positive Weyl alcove in the Cartan subalgebra t of the Lie
algebra g of G that will be identified with its dual g∗ using the bilinear form defined
by tr. The normalization of tr renders the length squared of the long roots equal to 2.
A
W
is a simplex with vertices τi, i ∈ R ≡ {0, 1, . . . , r}, where r is the rank of g. In
particular, τ0 = 0 and τi =
1
k∨
i
λi for i 6= 0 with λi the simple weights and k
∨
i the dual
Kac labels. For i ∈ R, let
Ai = { τ ∈ AW | τ =
∑
j
sjτj with si > 0 } , Oi = {h e
2πi τ h−1 | h ∈ G, τ ∈ Ai }
and, for I ⊂ R, AI = ∩
i∈I
Ai and OI = ∩
i∈I
Oi. Subsets Oi of G are open and OI are
composed of elements h e 2πi τh−1 with h ∈ G and τ ∈ AI . The expressions
Bi =
k
4π
tr (h−1dh) e2πiτ (h−1dh) e−2πiτ + ik tr (τ − τi)(h−1dh)2
define (smooth) 2-forms on Oi such that dBi = H|Oi . An important role is played by
the subgroups
GI = {h ∈ G | h e
2πi τ h−1 = e 2πi τ for τ ∈ AI \ ∪
i/∈I
Ai }
and the (smooth) maps
OI ∋ g = h e
2πiτ h−1 ρI−→ hGI ∈ G/GI
well defined because the adjoint action stabilizers of e 2πi τ for τ ∈ AI are contained in
GI . One introduces the principal GI -bundles πI : PI → OI
PI = { (g, h) ∈ OI ×G | ρI(g) = hGI } .
For the gerbes G = (Y,B,L, µ), one sets
Y = ⊔
i∈R
Pi
with π : Y → G restricting to πi on Pi and the 2-form B restricting to π
∗
iBi. Let
Ŷi1..in = PI ×Gi1 × · · · ×Gin and Yi1..in = Ŷi1..in/GI
for I = {i1, . . . , in} and GI acting on Ŷi1..in diagonally by the right multiplication. The
fiber power Y [n] of Y may be identified with the disjoint union of Yi1..in by assigning
to the GI -orbit of ((g, h), γ1 , .., γn) the n-tuple (y1, .., yn) ∈ Y
[n] with ym = (g, hγ
−1
m ) :
Y [n] ∼= ⊔
(i1,..,in)
Yi1..in .
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The construction of the line bundle L over Y [2] uses more detailed properties of
the stabilizer groups GI . For I ⊂ J ⊂ R, GI ⊃ GJ and the smallest of those groups,
GR , coincides with the Cartan subgroup T of G. Groups GI are connected but not
necessarily simply connected. Let gI ⊃ t denote the Lie algebra of GI and let eI be
the exponential map from igI to the universal cover G˜I . One has
GI = G˜I/ZI for ZI = e
2πiQ
∨
I
where Q
∨
⊂ t is the coroot lattice of g. Let χi : Zi → U(1) be the character defined
by
χi(e
2πiq
i ) = e
2πi tr τiq (4.2)
for q ∈ Q
∨
and χij : G˜ij → U(1) be the 1-dimensional representation of G˜ij given by
the formula
χij(γ˜) = exp
[
1
i
∫
γ˜
aij
]
(4.3)
where aij = i tr (τj − τi)(γ
−1dγ) is a closed 1-form on Gij . Let L̂ij denote the line
bundle over Ŷij with the fiber over ((g, h), γ, γ
′) composed of the equivalence classes
[γ˜, γ˜′, u]ij with respect to the relation
(γ˜, γ˜′, u) ∼
ij
(γ˜ζ, γ˜′ζ ′, χi(ζ)kχj(ζ ′)−k u)
for γ˜ ∈ G˜i , γ˜
′ ∈ G˜j projecting to γ ∈ Gi and γ′ ∈ Gj , respectively, and u ∈ C,
ζ ∈ Zi , ζ
′ ∈ Zj. We shall twist the flat structure of L̂ij by the connection form
Aij = ik tr (τj − τi)(h
−1dh). The right action of Gij on Ŷij lifts to the action on L̂ij
defined by
((g, h), [γ˜, γ˜′, u]ij) 7−→ ((g, hγ′′), [γ˜γ˜′′, γ˜′γ˜′′, χij(γ˜′′)−k u]ij)
for γ′′ ∈ Gij and γ˜′′ its lift to G˜ij (the right hand side is independent on the choice of
the latter). The hermitian structure and the connection of L̂ij descend to the quotient
bundle L̂ij/Gij = Lij over Yij and the line bundle L over Y
[2] for the gerbe G is taken
as equal to Lij when restricted to Yij . Note that the curvature of Lij is equal to the
lift to Yij of the 2-form Bj −Bi on Oij , as required. In general, unlike for the SU(N)
groups, there is no line bundle over Oij with such curvature, hence the need of a more
complicated construction of the gerbe [53].
The groupoid multiplication µ of G is defined as follows. Let ((g, h), γ, γ′ , γ′′) ∈ Ŷijk
represent (y, y′, y′′) ∈ Y [3] with y = (g, hγ−1), y′ = (g, hγ′−1) and y′′ = (g, hγ′′−1) and
let
ℓ̂ij = [γ˜, γ˜
′, u]ij , ℓ̂jk = [γ˜′, γ˜′′, u′]jk , ℓ̂ik = [γ˜, γ˜′′, uu′]ij
induce the elements ℓij ∈ L(y,y′) , ℓjk ∈ L(y′,y′′) and ℓik ∈ L(y,y′′). Then
µ(ℓij , ℓjk) = ℓik .
This ends the description of Meinrenken’s gerbes G = (Y,B,L, µ) over the simply con-
nected group G.
17
4.2 Gerbes over non-simply connected groups
Let G′ = G/Z , with Z a subgroup of the center of G, be a non-simply connected
quotient of a simply connected group G. As mentioned in Introduction, to push down
the gerbes G from G to G′ one has to solve a cohomological equation. Let us start by
identifying simple cohomological objects related to the pair (G,Z).
Choose for each z ∈ Z an element wz ∈ G that normalizes the Cartan subgroup
T ⊂ G such that for τ ∈ A
W
,
z e2πiτ = w−1z e
2πizτ wz (4.4)
for some zτ ∈ A
W
. For z = 1 we shall take wz = 1. The map
τ 7−→ zτ = wz τ w
−1
z + τz0
is an affine transformation of A
W
that permutes the vertices: zτi ≡ τzi. Let bz,z′ ∈ t
be such that
wz wz′ w
−1
zz′ = cz,z′ = e
2πi bz,z′ . (4.5)
We shall take bz,1 = 0 = b1,z′ . The Cartan subgroup valued chain c = (cz,z′) is a
2-cocycle on group Z :
(δc)z,z′z′′ = (wz cz′,z′′w
−1
z ) c
−1
zz′,z′′ cz,z′z′′ c
,−1
z,z′ = 1 ,
see Appendix A of [39] for a brief summary on finite group cohomology.
The 3-form H descends to a 3-form H ′ on G′. For (integer) k for which H ′ has
periods in 2πZ there exist a gerbe G′ = (Y ′, B′, L′, µ′) over G′ with curvature H ′. To
describe its explicit construction, we shall follow [40]. One takes Y ′ = Y = ⊔Pi with
the natural projection π′ on G′ and B′ = B. For y = (g, h) ∈ Pi let zy denote
the element (zg, hw−1z ) ∈ Pzi . The fiber product space Y ′
[n] is composed of n-tuples
(y, y′, . . . , y(n−1)) such that for some z, z′, . . . , z(n−2) ∈ Z
(y, zy′, ··, z(z′(· · (z(n−2)y(n−1)) · ·))) ∈ Y [n] .
One may then identify
Y ′[n] ∼= ⊔
(z,z′,··,z(n−2))∈Zn−1
Y [n] ∼= ⊔
(z,z′,··,z(n−2))∈Zn−1
⊔
(i1,..,in)
Yi1..in .
Let L′ be the line bundle over Y ′[2] that restricts to L on each component Y [2] in
the above identification, i.e. to Lij on Yij ⊂ Y
[2]. It remains to describe the groupoid
multiplication µ′.
Let (y, y′, y′′) ∈ Y ′[3] be such that (y, zy′, z(z′y′′)) ∈ Y [3]. Identifying the triple
(y, zy′, z(z′y′′)) with the Gijk-orbit of ((g, h), γ, γ′ , γ′′) ∈ Ŷijk for some (i, j, k) and
employing the notations iz ≡ z
−1i, γz ≡ w−1z γ wz ∈ Giz for γ ∈ Gi , we have
y = (g, hγ−1) , zy′ = (g, hγ′−1) , z(z′y′′) = (g, hγ′′−1) , (4.6)
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y′ = (z−1g, hwzγ′z
−1
) , y′′ = ((zz′)−1g, hwzwz′(γ′′z )
−1
z′ ) , (4.7)
z′y′′ = (z−1g, hwzγ′′z
−1
) , (zz′)y′′ = (g, h (c−1z,z′γ
′′)−1) . (4.8)
Recalling the explicit description of the line bundles Lij as quotients of bundles L̂ij ,
consider the equivalence classes
ℓ̂ij = [γ˜, γ˜
′, u]ij , ℓ̂jzkz = [γ˜
′
z, γ˜
′′
z , u
′]jzkz , ℓ̂ik = [γ˜, c˜
−1
z,z′ γ˜
′′, uu′]ik , (4.9)
with γ˜ ∈ G˜i projecting to γ ∈ Gi and γ˜z ≡ w
−1
z γ˜ wz ∈ G˜iz etc. and with c˜z,z′ =
e
2πi bz,z′
I ∈ G˜I . The above classes determine the elements
ℓij ∈ L(y,zy′) = L
′
(y,y′) , ℓjzkz ∈ L(y′,z′y′′) = L
′
(y′,y′′) , ℓik ∈ L(y,(zz′)y′′) = L
′
(y,y′′) (4.10)
The groupoid multiplication µ′ in L′ is then defined by specifying the product of ℓij
and ℓjzkz via the relation [40]
µ′(ℓij , ℓjzkz) = e
2πik tr τk bz,z′ Vz,z′ ℓik , (4.11)
where V = (Vz,z′) solves the cohomological equation
δV = U . (4.12)
Explicitly, (δV )z,z′,z′′ = Vz′,z′′ V
−1
zz′,z′′ Vz,z′z′′ V
−1
z,z′ and U = (Uz,z′,z′′) is a 3-cocycle on Z
with values in U(1) defined by5
Uz,z′,z′′ = e
−2πik tr τ0z bz′,z′′
with τ0z = τz−10 = z
−1τ0.
The cohomology class [U ] ∈ H3(Z,U(1)) of U does not depend on the ambiguity in
the choice of wz nor of bz,z′. The changes
wz 7→ e
2πi azwz , bz,z′ 7→ bz,z′ + wzaz′w
−1
z − azz′ + az + qz,z′ (4.13)
with az ∈ t and qz,z′ ∈ Q
∨
induces the transformation
U 7−→ (δV ′)U for V ′z,z′ = e
2πik tr τ0z az′ .
The cohomological equation (4.12) has a solution only for k for which the cohomology
class [U ] is trivial. The resulting set of levels k coincides with the one for which
the periods of the 3-form H ′ are in 2πZ [27, 40]. For all cases except when G′ =
Spin(4n)/(Z2×Z2) = SO(4n)/Z2 for n = 2, 3, ..., we have H
2(Z,U(1)) = {1} and any
two solutions V differ by a coboundary δW with (δW )z,z′ = Wz′W
−1
zz′Wz and lead to
stably isomorphic gerbes. In the exceptional case, [U ] is trivial if k ∈ Z for n even
and k ∈ 2Z for n odd. In this case H2(Z2×Z2, U(1)) ∼= Z2 and there are two classes
of non-equivalent solutions of Eq. (4.12) with all the solutions within one class differing
by coboundaries δW . Such solutions lead to gerbes that fall into two different stable-
isomorphism classes. In all cases one may choose Vz,z′ so that Vz,1 ≡ 1 ≡ V1,z′ which,
in particular, assures that on L′|Y [2] = L the groupoid product µ
′ coincides with µ.
5To obtain more concise expressions, we have multiplied the 3-cocycle U k with U given by Eqs. (3.29)
or (3.30) in [40] by the coboundary δV ′ with V ′z,z′ = e
−2πi k tr τ
zz′0
b
z,z′
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5 Symmetric branes in the WZW models
In the open-string version of the WZW model, one may restrict the string ends to move
on branes D in G and couple them to Yang-Mills fields on D. This is done using
the concept of G-branes as discussed in Sect. 3.2. One would like, however, to assure
that the boundary version of the theory still possesses rich symmetry. The fundamental
symmetry of the bulk WZW model is provided by two chiral copies of the current algebra
ĝ associated to the Lie algebra g of G. The simplest family of branes (called symmetric)
assures that the diagonal current algebra is not broken in the presence of boundaries.
Such requirement restricts the brane supports D ⊂ G to coincide with a conjugacy class
in G [2] and imposes further conditions on the G-branes supported by D that we shall
describe now. For simply connected G, the conjugacy classes may be labeled by the
elements τ of the Weyl alcove A
W
with
Cτ = {h e
2πiτ h−1 | h ∈ G } .
being the class corresponding to τ . When restricted to Cτ , the 3-form H becomes
exact. In particular, H|Cτ = dQτ where
Qτ = =
k
4π
tr (h−1dh) e2πiτ (h−1dh) e−2πiτ
is a (smooth) 2-form on Cτ . Let G = (Y,B,L, µ) be a gerbe over G with curvature H
as described above. Recall that a G-brane D supported by D is a pair (D, E) where E
is a G|D-module. Such module determines, in turn, a vector bundle E with connection
over YD = π
−1(D) for π denoting the projection from Y to G. With D = Cτ , the
additional restriction, imposed by the conservation of the diagonal current algebra, fixes
the curvature of bundle E to be the scalar 2-form
F = π∗Qτ − B|YD . (5.1)
Note that this restricts very strongly the (twisted) Yang-Mills fields to which the ends
of the string may be coupled without breaking the diagonal current-algebra symmetry.
The conjugacy classes in a non-simply connected group G′ = G/Z may in turn be
labelled by the Z-orbits [τ ] in the Weyl alcove A
W
with
C′[τ ] = CτZ
for any τ ∈ [τ ]. Let Z[τ ] ⊂ Z denotes the stabilizer subgroup of any τ ∈ [τ ]. Note that
Z[τ ] is composed of z ∈ Z such that zCτ = Cτ . It follows that
C′[τ ] ∼= Cτ/Z[τ ]
for τ ∈ [τ ]. In particular, Z[τ ] is the fundamental group of C
′
[τ ] since the conjugacy
classes Cτ are simply connected. The 2-forms Qτ project to a unique 2-form Q
′
[τ ] on
C′[τ ]. If G
′ = (Y ′, B′, L′, µ′) is a gerbe over G′ as described above then the symmetric
G′-branes supported by D′ = C′[τ ] are restricted by fixing the curvature of the vector
bundle E′ over Y ′D′ = π
′−1(C′[τ ]) to be
F ′ = π′∗Q′[τ ] − B
′|Y ′
D′
. (5.2)
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The main aim of this paper is to classify such symmetric G- and G′-branes up to
isomorphism. For rank 1 G-(or G′-)branes, the curvature restriction may be reformulated
by stating that the branes provide a stable isomorphism between the gerbes G|D and
K = (D,Qτ ,D × C, · ), or between G
′|D′ and K′ = (D′, Q′[τ ],D
′ × C, · ), and the
notion of a rank 1 symmetric G- or G′-branes is equivalent to the one introduced in [39]
and studied there in detail for groups SU(N) and their non-simply connected quotients.
Admitting rank N branes does not change much in the latter story, as we shall see below,
but is necessary if we want to account properly for the conformal boundary conditions
of general WZW models.
5.1 Symmetric branes for simply connected groups
Let D = Cτ be the conjugacy class in the simply connected group G and YD be defined
as above. Clearly
YD = ⊔
i
Pi|Cτ (5.3)
where Pi|Cτ is non-empty if and only if τ ∈ Ai. Let Gτ denote the adjoint-action
isotropy subgroup of e2πiτ so that Cτ ∼= G/Gτ . Gτ is connected and T ⊂ Gτ ⊂ Gi if
τ ∈ Ai (Gτ is is one of groups GI with I ∋ i). We shall denote by gτ the Lie algebra
of Gτ . The space
Pτ = { (g, h) ∈ Cτ ×G | g = h e
2πiτ h−1 }
equipped with the projection on the first factor and the right action of Gτ on the second
factor becomes a principal Gτ -bundle over Cτ . Of course, Pτ ∼= G. Note that if τ ∈ Ai
then Pτ ⊂ Pi|Cτ . Besides, we may identify
Pi|Cτ ∼= Yiτ = Ŷiτ/Gτ for Ŷiτ = Pτ ×Gi (5.4)
assigning to the orbit of ((g, h), γ) ∈ Ŷiτ under the right diagonal action of Gτ the
element (g, hγ−1) ∈ Pi.
Let us start by describing the rank 1 symmetric G-branes (Cτ , E1) supported by the
conjugacy classes Cτ such that kτ = λ is a weight. Weights λ = kτ for τ ∈ AW
are often called integrable [45] (at level k) and we shall also call the corresponding
conjugacy classes integrable. The construction of the line bundle E over YD such
that E1 = (E, ρ) will resemble that of the line bundle L in Sect. 4.1. Let G˜τ denote
the universal covering group of Gτ = G˜τ/Zτ where Zτ = e
2πiQ
∨
τ for eτ standing for
the exponential map from igτ to G˜τ . Consider the 1-form aiτ = i tr (τ − τi)(γ
−1dγ) on
Gτ . It is easy to see that the adjoint action of Gτ preserves τ − τi. As a result, aiτ is
a closed form. By the formula
χiτ (γ˜) = exp
[
1
i
∫
γ˜
aiτ
]
it defines a 1-dimensional representation χiτ : G˜τ → U(1), compare (4.3). The embed-
ding gτ ⊂ gi induces the canonical homomorphism G˜τ → G˜i that maps Zτ to Zi
sending ζτ = e
2πiq
τ ∈ Zτ to ζi = e
2πiq
i ∈ Zi for q ∈ Q
∨
. Note that
χiτ (γ˜ζτ )
k = χiτ (γ˜)
k χi(ζi)
−k e2πik tr τq
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and the last factor drops out if kτ is a weight.
Let L̂i denote the flat line bundle over Gi with the fiber over γ composed of the
equivalence classes [γ˜, u]i with respect to the equivalence relation
(γ˜, v) ∼
i
(γ˜ζ, χi(ζ)
k
v) (5.5)
for γ˜ ∈ G˜i projecting to γ , ζ ∈ Zi and v ∈ C, see (4.2). We shall denote by L̂iτ the
pullback of L̂i to Ŷiτ = Pτ ×Gi with the flat structure twisted by the connection form
Aiτ = ik tr (τ − τi)(h
−1dh). The right action of Gτ on Ŷiτ lifts to the action on L̂iτ
defined by
((g, h), [γ˜, v]i) 7−→ ((g, hγτ ), [γ˜γ˜τ , χiτ (γ˜τ )
−kv]i) (5.6)
for γ˜τ ∈ G˜τ projecting to γτ ∈ Gτ . For kτ a weight, the right hand side does not
depend on the choice of the lift γ˜τ . The hermitian structure and the connection on L̂iτ
descend to the quotient bundle L̂iτ/Gτ = Liτ over Yiτ . The curvature form Fiτ of Liτ
is given by the relation:
ι̂∗Fiτ = ik tr (τi − τ)(h−1dh)2
with ι̂ standing for the projection from Ŷiτ to Yiτ . Let E be a hermitian line bundle
with connection over YD coinciding with Liτ over Yiτ , see (5.3) and (5.4). Note that
E satisfies the curvature constraint (5.1), as required. Besides, there exist a bundle
isomorphism
ρ : L|
Y
[2]
D
⊗ p∗2E −→ p
∗
1E (5.7)
satisfying relation (2.9). It is defined in the following way. Let, for τ ∈ Aij , (g, h) ∈ Pτ ,
γ˜ ∈ G˜i projecting to γ ∈ Gi and γ˜
′ ∈ G˜j projecting to γ′ ∈ Gj ,
ℓ̂ij = [γ˜, γ˜
′, u]ij , ℓ̂iτ = [γ˜, uv′]i , ℓ̂jτ = [γ˜′, v′]jτ
induce, respectively, the elements ℓij ∈ L(y,y′) , ℓiτ ∈ Ey and ℓjτ ∈ Ey′ for y = (g, hγ
−1)
and y′ = (g, hγ′−1). Then
ρ(ℓij ⊗ ℓjτ ) = ℓiτ .
We infer that if kτ is a weight then (E, ρ) defines a 1-dimensional G|D-module E1.
Besides, the curvature of bundle E satisfies the constraint (5.1). Consequently, D1 =
(Cτ , E1) is a symmetric rank 1 G-brane supported by D = Cτ . General symmetric G-
branes supported by the integrable conjugacy classes are isomorphic to the ones obtained
by tensoring E with a trivial N -dimensional bundle (all flat vector bundles over Cτ are
trivial up to isomorphism). In other words, they correspond to rank N G|D-modules
EN = E1 ⊕ . . .⊕ E1
N terms
.
A rank N G-brane DN = (Cτ , EN ) obtained this way is called a stack of N G-branes
D1 in physicists’ language.
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The non-integrable conjugacy classes D = Cτ , i.e. such that kτ is not a weight,
support no symmetric G-branes, as we shall show now. Existence of such a brane implies
that Y |D admits a vector bundle E with curvature F given by (5.1), i.e. restricting on
each Yiτ to the scalar 2-form Fiτ . The periods of Fiτ over 2-spheres in Yiτ have then
to belong to 2πZ. Let α∨j for j = 1, . . . , r be the j
th simple coroot of g and e±αj
be the corresponding step generators. Consider for each j 6= i the su(2) subalgebra
of g which is the real form of the subalgebra of gC generated by α∨j and e±αj . Such
an su(2) subalgebra exponentiates to a subgroup SU(2) ⊂ Gi ⊂ G whose diagonal
embedding into G × Gi ∼= Ŷiτ induces the map from S
2 ∼= SU(2)/U(1) to Yiτ . The
period of Fiτ on such a 2-cycle is equal to
2πk tr(τ − τi)α
∨
j = 2πk tr τα
∨
j .
If τ is not equal to a vertex of the Weyl alcove A
W
then Yiτ is not empty (i.e. τ ∈ Ai)
for at least two values of i and we infer that kτ must be a weight. If τ is a vertex of
A
W
then it belongs to the unique Ai for which τ = τi and the 2-form Fiτ vanishes.
In this case YD ∼= Pτi
∼= G and G-brane’s vector bundle E over YD must be flat and
hence isomorphic to a trivial N -dimensional bundle since G is simply connected. On
the other hand, Y
[2]
D
∼= { (hγ−1, h) | h ∈ G , γ ∈ Gi } ∼= G × Gi with the line bundle
L|
Y
[2]
D
isomorphic to the pullback of L̂i from Gi. The isomorphism (5.7) maps now flat
bundles and is given by a constant map R : G× G˜i −→ GL(N) such that
R(h, γ˜ζ) = χi(ζ)
−k
R(h, γ˜) .
Clearly, such a constant map exists only if kτi is a weight so that the right hand side is
ζ-independent.
In summary, in the case of simply connected groups, the symmetric G-branes are deter-
mined up to isomorphism by giving their support, an integrable conjugacy class Cτ , and
their rank N .
5.2 Symmetric branes for non-simply connected groups
Let G′ = G/Z be a non-simply connected group and G′ = (Y ′, B′, L′, µ′) be a gerbe
over it described in Sect. 4.2. We shall look here for symmetric G′-branes supported
by the conjugacy classes C′[τ ] ⊂ G
′. This again leads to a problem in finite group Z
cohomology, as already noted in [39] for the quotient groups of SU(N). For D′ = C′[τ ] ,
Y ′D′ = ⊔
τ∈[τ ]
⊔
i
Pi|Cτ . (5.8)
Any symmetric G′-brane D′ = (D′, E ′) supported by C′[τ ] induces by restriction sym-
metric G-branes supported by Cτ for τ ∈ [τ ] (note that YD ⊂ Y
′
D′ for D = Cτ etc.). It
follows that only integrable conjugacy classes C′[τ ] for which kτ is a weight may support
symmetric G′-branes (if kτ is a weight for some τ ∈ [τ ] then it is for all τ ∈ [τ ] ). Since
now on we shall then assume that kτ is a weight for τ ∈ [τ ].
Let us first look for 1-dimensional G′D′-modules E
′
1 = (E
′, ρ′) satisfying the curvature
constraint (5.2). By the above argument, we may take E′ as the line bundle over Y ′D′
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that over each Pi|Cτ ∼= Yiτ restricts to Liτ . The problem is to define the isomorphism
ρ′ : L′|
Y ′
[2]
D′
⊗ p∗2E
′ −→ p∗1E
′ (5.9)
that satisfies the associativity condition
ρ′ ◦ (µ′ ⊗ id) = ρ′ ◦ (id ⊗ ρ′) , (5.10)
see (2.9). Let (y, y′) ∈ Y ′[2]D′ . This means that, in the notations of Sect. 4.2,
y = (g, hγ−1) , zy′ = (g, hγ′−1) , y′ = (z−1g, hwzγ′z
−1
)
with g = he2πiτ h−1 for some τ ∈ [τ ]∩Aij , γ ∈ Gi , γ′ ∈ Gj and z ∈ Z. The equivalence
classes
ℓ̂ij = [γ˜, γ˜
′, u]ij , ℓ̂iτ = [γ˜, uv′]i , ℓ̂jzτz = [γ˜
′
z, v
′]jz , (5.11)
with τz ≡ z
−1τ and with γ˜ ∈ G˜i projecting to γ and γ˜′ ∈ G˜j to γ′, induce, re-
spectively, the elements ℓij ∈ L(y,zy′) = L
′
(y,y′) , ℓiτ ∈ E
′
y and ℓjzτz ∈ E
′
y′ . Since the
isomorphism ρ′ is required to preserve the connection, necessarily,
ρ′(ℓij ⊗ ℓjzτz) = W
ij
τ ;z ℓiτ (5.12)
for W ijτ ;z ∈ U(1). Besides, the conjugation of ρ
′ with an isomorphism of E′ reducing
to multiplication by Y iτ ∈ U(1) over the connected components Pi|Cτ of Y ′D′ , results in
the change
W ijτ ;z 7−→ Y
i
τ W
ij
τ ;z Y
jz
τz
−1
. (5.13)
Such changes lead to isomorphic G′|D′-modules and hence to isomorphic G′-branes.
It is now easy to translate identity (5.10) to conditions for coefficients W ijτ ;z. For a
triple (y, y′, y′′) ∈ Y ′[3]D′ as in (4.6-4.8) where g = he
2πiτ h−1 for some τ ∈ [τ ] ∩ Aijk ,
γ ∈ Gi , γ
′ ∈ Gj , γ′′ ∈ Gk and z, z′ ∈ Z , consider the equivalence classes ℓ̂ij , ℓ̂jzkz and
ℓ̂ik generating elements ℓij , ℓjzkz and ℓik as in (4.9) and (4.10). Besides, let
ℓ̂kzz′τzz′ = [(c˜
−1
z,z′ γ˜
′′)zz′ , v′′]kzz′ , ℓ̂
′
kzz′τzz′
= [(γ˜′′z )z′ , χkτ (c˜z,z′)
−kv′′]kzz′ . (5.14)
It is easy to check employing the action (5.6) of Gτzz′ and the relations
(γ˜′′z )z′ = (c˜
−1
z,z′ γ˜
′′c˜z,z′)zz′ , χkzz′τzz′ ((c˜z,z′)zz′) = χkτ (c˜z,z′)
that both equivalence classes define the same element ℓkzz′τzz′ ∈ E
′
y′′ . Using Eqs. (4.11)
and (5.12) and the first way of (5.14) to represent ℓkzz′τzz′ , we infer that
ρ′(µ′(ℓij , ℓjzkz)⊗ ℓkzz′τzz′ ) = e
2πik tr τk bz,z′ Vz,z′ ρ
′(ℓik ⊗ ℓkzz′τzz′ )
= e2πik tr τk bz,z′ Vz,z′W
ik
τ ;zz′ ℓiτ
if v′ = u′v′′ in (5.11). On the other hand, using the second way to represent ℓkzz′τzz′ ,
we obtain
ρ′(ℓij ⊗ ρ′(ℓjzkz ⊗ ℓkzz′τzz′ )) = χkτ (c˜z,z′)
−k ρ′(ℓij ⊗W
jzkz
τz ;z′
ℓjzτz)
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= χkτ (c˜z,z′)
−k W ijτ ;zW
jzkz
τz ;z′
ℓiτ .
The associativity condition (5.10) requires that both sides be equal and, since χkτ (c˜z,z′) =
e2πik tr (τ−τk)bz,z′ , it is equivalent to the identity
Wjzkzτz ;z′ W
ik
τ ;zz′
−1
W ijτ ;z = Vτ ;z,z′ (5.15)
with
Vτ ;z,z′ = e
2πik tr τ bz,z′ Vz,z′ (5.16)
where Vz,z′ is the solution of Eq. (4.12) that determines gerbe G
′. It is easy to verify
that V = (Vτ ;z,z′) forms a 2-cocycle on group Z with values in the Z-module U(1)
[τ ]
of U(1)-valued functions on the Z-orbit [τ ], i.e. that
(δV)τ ;z,z′,z′′ = Vτz ;z′,z′′ V
−1
τ ;zz′,z′′ Vτ ;z,z′z′′ V
−1
τ ;z,z′ = 1
for τ ∈ [τ ] and z, z′, z′′ ∈ Z. The cohomology class [V] ∈ H2(Z,U(1)[τ ]) is independent
of the choices of bz,z′ . Indeed, under the transformations (4.13),
V 7−→ (δW ′)V for W ′τ ;z = e
2πik tr τaz . (5.17)
Let us first show that if Eq. (5.15) has a solution then by a transformation (5.13),
which maps solutions to solutions, one may achieve that W ijτ ;z does not depend on (i, j).
We shall use the fact that Vτ ;z,1 = Vτ ;1,z′ ≡ 1. For z, z
′ = 1, Eq. (5.15) reduces to
Wjkτ ;1 W
ik
τ ;1
−1
W ijτ ;1 = 1
which means that, for each τ , (W ijτ ;1) is a U(1)-valued Cˇech 1-cocycle for the covering
(Ai) of the point {τ}. Such a 1-cocycle is necessarily a coboundary:
W ijτ ;1 = Y
i
τ
−1
Yjτ
for Y iτ ∈ U(1). By the transformation (5.13), we assure that W
ij
τ ;1 = 1. Now, specifying
Eq. (5.15) to z = 1 or to z′ = 1, we infer that
Wjkτ ;z′ = W
ik
τ ;z′ , W
ij
τ ;z = W
ik
τ ;z ,
i.e. that W ijτ ;z is independent of (i, j). Note in passing that the condition W
ij
τ ;1 = 1
means that the isomorphism ρ′ restricts to ρ over Y [2]D ⊂ Y
′
D′
[2] for D = Cτ with τ ⊂ [τ ].
Without the (i, j)-dependence, (Wτ ;z) ≡ W forms a 1-cochain on group Z with
values in the Z-module U(1)[τ ]. The identity (5.15) reduces then to the cohomological
equation
δW = V (5.18)
where (δW)τ ;z,z′ = Wτz ;z′W
−1
τ ;zz′Wτ ;z. Eq. (5.18) has a solution if and only if the
cohomology class
[V] ∈ H2(Z,U(1)[τ ]) ∼= H2(Z[τ ], U(1))
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is trivial where, as above, Z[τ ] ⊂ Z denotes the stabilizer subgroup of τ ∈ [τ ]. Vanish-
ing of the cohomology class [V] is a necessary and sufficient condition for the existence of
a rank 1 symmetric G′-brane supported by the integrable conjugacy class C′[τ ]. Two solu-
tions of Eq. (5.18) lead to isomorphic G′-branes if and only if they differ by a coboundary
δY with (δY)τ ;z = YτzY
−1
τ for Y ∈ U(1)
[τ ]. In general, however, they may differ by a
1-cocycle on Z with values in U(1)[τ ]. We infer that the cohomology group
H1(Z,U(1)[τ ]) ∼= H1(Z[τ ], U(1)) = Z
∗
[τ ] ,
where Z∗[τ ] is the character group of Z[τ ] , acts freely and transitively on the set of
the isomorphism classes of symmetric rank 1 G′-branes supported by D′ = C′[τ ] , if
this set is non-empty. Recall that Z[τ ] is the fundamental group of the conjugacy
class C′[τ ] ⊂ G
′ so that Z∗[τ ] may be viewed as the group of isomorphism classes of
flat line bundles over C′[τ ]. Let E
′
1(h), h = 1, . . . , Z[τ ] , denote the non-isomorphic 1-
dimensional G′D′-modules obtained from non-equivalent solutions W of Eq. (5.18). They
give rise to non-isomorphic rank 1 G′-branes D1(h) = (D′, E ′1(h)). In such a situation,
any N -dimensional G′|′D-module E
′
N giving rise to a symmetric brane is equal, up to
isomorphism, to a product of E ′1(h) (for any h) by a flat vector bundle over D′ = C′[τ ].
Such vector bundles are, again up to isomorphism, direct sums of flat line bundles so we
may set
E ′N = E
′
1(h1)⊕ · · · ⊕ E
′
1(hN ) .
We infer that if the cohomology class [V] is trivial then any rank N G′-brane D′N
supported by C′[τ ] is isomorphic to a stack of N (in general, different) 1-dimensional
branes D′1(hn), hn ∈ {1, . . . , Z[τ ]}. This is always the situation if Z[τ ] is a cyclic group
since then H2(Z[τ ], U(1)) = {1}.
Let us describe more precisely the solutions W of Eq. (5.18). First note that if two
solutions differ by a 2-cocycle W ′ that is a coboundary, W ′ = δY , then they coincide
when restricted to Z[τ ]: W
′
τ ;z0 = 1 (here and below, we use subscript zero for elements of
Z[τ ]). Conversely, if two solutions coincide if restricted to Z[τ ] then, setting Yτ̂z =W
′
τ̂ ,z
for a fixed τ̂ ∈ [τ ], we have W ′ = δY. A solution of Eq. (5.18) satisfies
Wτ̂z ;z0 = Wτ̂ ;zz0 W
−1
τ̂ ;z
Vτ̂ ;z,z0 = Wτ̂ ;z0 V
−1
τ̂ ;z0,z
Vτ̂ ;z,z0 (5.19)
so that its restriction to Z[τ ] is determined by the solution of the restricted equation
with fixed τ̂
(δW)τ̂ ;z0,z′0
= Wτ̂ ;z′0
W−1
τ̂ ;z0z′0
Wτ̂ ;z0 = Vτ̂ ;z0,z′0
(5.20)
involving the simpler cohomology of group Z[τ ] with values in U(1). The general solution
of the last equation has the form
Wτ̂ ;z0 = W
τ̂
τ̂ ;z0
χ̂(z0) ,
where W τ̂
τ̂ ;z0
is a particular solution and χ̂ is a character of Z[τ ].
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Any solution of the restricted equation (5.20) may be extended to a solution of (5.18)
in the following way. First, fix a map [τ ] ∋ τ 7−→ z(τ) ∈ Z such that z(τ)τ = τ̂ and,
for τ 6= τ̂ , choose Wτ̂ ;z(τ) ∈ U(1) arbitrarily. Setting
Wτ̂ ;z0z(τ) = Wτ̂ ;z(τ)Wτ̂ ;z0 V
−1
τ̂ ;z0,z(τ)
,
one defines Wτ̂ ;z for all z ∈ Z in such a way that the above equation holds also if z(τ)
is replaced by any z ∈ Z. Finally, with the help of the relation
Wτ̂z ;z′ = Wτ̂ ;zz′W
−1
τ̂ ;z
Vτ̂ ;z,z′
one defines a solution W of Eq. (5.18) which, in particular, satisfies the identity (5.19).
If another fixed element τ̂ ′ = τ̂z of the orbit [τ ] is used in the construction above
with
Wτ̂ ′,z0 = W
τ̂ ′
τ̂ ′,z0
χ̂′(z0)
as the solution of the restricted equation then the resulting solutions of the complete
equation (5.18) coincides with the one described previously if and only if
χ̂′(z0) = φ̂τ̂ ;z(z0) χ̂(z0)
for
φ̂τ̂ ;z(z0) = W
τ̂
τ̂ ;z0
W τ̂z
τ̂z ;z0
−1
Vτ̂ ;z,z0 V
−1
τ̂ ;z0,z
, (5.21)
as may be easily seen with the help of relation (5.19). Note that φ̂ has the following
properties:
φ̂τ̂ ;z0z(z
′
0) = φ̂τ̂ ;z(z
′
0) , φ̂τ̂ ;z(z0z
′
0) = φ̂τ̂ ;z(z0) φ̂τ̂ ;z(z
′
0) ,
(5.22)
φ̂τ̂z ;z′(z0) φ̂τ̂ ;zz′(z0)
−1 φ̂τ̂ ;z(z0) = 1 .
They mean that φ̂ defines a 1-cocycle on group Z with values in the module of Z∗[τ ]-
valued functions on the orbit [τ ] which, due to the first relation, descends to a cocycle
on the quotient group Z/Z[τ ]. The cocycle φ̂ is not unique. If we multiply the special
solutions W τ̂
τ̂ ,z0
by τ̂ -dependent characters χ̂τ̂ (z0) of Z[τ ] then
φ̂τ̂ ;z(z0) 7−→ φ̂τ̂ ;z(z0) χ̂τ̂ (z0)χτ̂z(z0)
−1 .
Given cocycle φ̂, we may identify the set of symmetric rank 1 G′-branes supported
by C′[τ ] with the set of equivalence classes [τ̂ , χ̂] of pairs (τ̂ , χ̂) with τ̂ ∈ [τ ] and χ̂ ∈ Z
∗
[τ ]
such that
(τ̂ , χ̂) ∼ (τ̂ ′, χ̂′) if τ̂ ′ = τ̂z and χ̂′ = φ̂τ̂ ;z( · ) χ̂ .
Such a description of branes agrees with the general one conjectured in [30, 66] for
conformal field theories of the simple current extension type. The general classification
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of the branes proposed there, based on consistency considerations, involved equivalence
classes of primary fields and characters of their “central stabilizers”. For rank 1 branes
of the WZW models, the latter reduce to the ordinary stabilizer subgroups Z[τ ] in the
simple current group Z.
In Appendix A we list solutions of Eq. (5.18) giving rise to all (up to isomorphism)
symmetric rank 1 G′-branes supported by the conjugacy classes of non-simply connected
groups G′ = G/Z with covering groups G running through the Cartan list. We use
the description of the Weyl alcoves and of choices of the 2-chains b and V entering
Eqs. (4.5) and (5.16) taken from [40]6. We specify:
the action of the center of G on the Weyl alcove,
the restrictions on ni ≥ 0,
r∑
i=0
ni = k, such that
r∑
i=0
niτi = kτ ≡ λ is a weight,
the subgroups Z and the restrictions on the level k of gerbes G′ over G/Z ,
the 2-chains V ,
the 2-cocycles V ,
possible stabilizer subgroups of Z ,
the special solutions W τ̂ of Eq. (5.18) for different Z-orbits [τ ],
general solutions leading to non-isomorphic G′-branes.
Describing 2-cocycle V we use the the monodromy charge Qz(λ) defined for integrable
weights λ by
Qz(λ) = h(λ) + h(kτz0) − h(zλ) mod 1 = trλτ0z mod 1
where h(λ) is the conformal weight of the chiral primary field with weight λ and, by defi-
nition, zλ = kzτ if λ = kτ . In most cases, the special solutions W τ̂τ ;z,z′ are independent
of τ̂ , τ ∈ [τ ] as may be seen from the restrictions on coefficients ni together with the re-
lation
∑
ni = k combined with the restrictions on k. Such independence implies that the
cocycles φ̂ of Eq. (5.21) are trivial and the description of branes by the equivalence classes
[τ̂ , χ̂] is superfluous. The exception is the group G′ = Spin(4n)/(Z2×Z2) = SO(4n)/Z2
where several cases give rise to non-trivial cocycle φ̂. Also for that group, which is the
only one with non-cyclic fundamental group Z ∼= Z2×Z2 and multiple (double) choice
of stably-non-isomorphic gerbes G′, for one of those gerbes there are no (scalar) solu-
tions of Eq. (5.18) for single-point orbits [τ ] (i.e. if Z[τ ] ∼= Z2×Z2). Consequently, there
are no symmetric rank 1 G′-branes supported by the corresponding (integrable) conju-
gacy classes C′[τ ] ⊂ G
′. We shall devote the next section to the analysis of higher-rank
G′-branes supported by such conjugacy classes.
6 Non-Abelian symmetric branes for SO(4n)/Z2
For group G′ = Spin(2r)/Z with even rank r = 4, 6, . . . and Z ∼= Z2×Z2 , the integrable
conjugacy classes C′[τ ] with Z[τ ] ∼= Z2×Z2 correspond to 1-point orbits [τ ] with
kτ =
r∑
i=0
niτi , ni ≥ 0 ,
r∑
i=0
ni = k ,
6
Vz,z′ is equal to e
−2πi k tr τ
zz′0
b
z,z′ uz,z′ with uz,z′ defined and calculated in [40]
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n0 = n1 = nr−1 = nr ∈ Z , ni = nr−i ∈ 2Z, i = 2, . . . , r − 2 .
Such conjugacy classes exist if and only if k is even. The two inequivalent choices G′±
for the gerbe over G′ correspond to the upper and lower choices of signs in the 2-chain
V that enters the formula (4.11) for the groupoid multiplication,
Vz,z′ =
 ±1 if (z, z
′) = (z2, z1), (z2, z1z2),
(z1z2, z1), (z1z2, z1z2) ,
1 otherwise
(6.1)
where z1, z2 are the generators of Z , see Sec. 4.4.II of [40]. For the 1-point orbits [τ ],
the 2-cocycle V of Eq. (5.16) reduces to the same expression
Vτ ;z,z′ = Vz,z (6.2)
and defines for the lower choice of signs in 6.1 a non-trivial cohomology class [V] ∈
H2(Z2×Z2, U(1)) ∼= Z2 which is an obstruction to the existence of solutions of Eq. (5.18)
and of symmetric rank 1 G′−-branes supported by the conjugacy class C′[τ ]. The simplest
instances with k > 0 occur for group G′ = Spin(8)/(Z2×Z2) = SO(8)/Z2 for τ = τ2
at levels k = 2, 4, . . . and for τ = 14(τ0 + τ1 + τ3 + τ4) at k = 4, 6, . . . in conventions of
[40].
We shall search now for symmetric rank N G′−-branes supported by the integrable
conjugacy classes C′[τ ] with 1-point orbits [τ ]. As in the rank 1 case, such a brane D
′
N =
(D′, E ′N ) induces by restriction a brane (D, EN ) for the Spin(2r) theory with the support
D given by the conjugacy class Cτ ⊂ Spin(2r). If E
′
N = (E
′, ρ′) then EN = (E, ρ) with
coinciding vector bundles E′ = E over Y ′D′ = YD. Since the symmetric rank N G-
branes are isomorphic to stacks of N rank 1 branes, we may assume, passing at most
to an isomorphic G′−|D′-module E ′N , that over each connected component Pi|Cτ ∼= Yiτ
of Y ′D′ , see (5.8), the vector bundle E
′ restricts to the bundle Liτ ⊗ CN . Elements
ℓiτ ∈ Liτ ⊗ C
N in the fiber over y = (g, hγ−1) ∈ Pi|Cτ are now determined by the
equivalence classes ℓ̂iτ = [γ, v]i defined as in (5.5) but with v ∈ C
N rather than v ∈ C.
With this modification, the discussion around Eqs. (5.9) to (5.16) may be repeated word
by word with W ijτ ;z and Y
i
τ being now unitary N×N matrices so that their order in the
formulae, previously irrelevant, becomes important. The same argument as before shows
that W ijτ ;z may be chosen (i, j)-independent. Eq. (5.15) reduces then to the matrix
relation
Wτ ;zWτ ;z′ = Vτ ;z,z′ Wτ ;zz′ (6.3)
which, with the use of Eqs. (6.2) and (6.1) with the lower choice for the signs, implies
that Wτ ;1 = 1 and that
W2τ ;z1 = 1 = W
2
τ ;z2 , Wτ ;z1 Wτ ;z2 + Wτ ;z2 Wτ ;z1 = 0
with Wτ ;z1z2 = Wτ ;z1Wτ ;z2 . In other words, matrices Wτ ;z define an N -dimensional
representation of the 2-dimensional Clifford algebra. Unitarily equivalent representations
correspond to isomorphic G′−|D′ modules i.e. to isomorphic G′−-branes and vice versa.
The lowest dimensional representation is of dimension 2 and is given by the Pauli matrices
Wτ ; z1 =
(
0 1
1 0
)
, Wτ ;z2 =
(
0 −i
i 0
)
, Wτ ;z1z2 = i
(
1 0
0 −1
)
. (6.4)
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It is unique up to unitary equivalence. It gives rise to a 2-dimensional G′−|D′-module
E ′2 , hence to a rank 2 G′−-brane D′2. The higher dimensional representations exist in
even dimensions N and are unitarily equivalent to direct sums of the 2-dimensional
representation so that, up to isomorphism,
E ′N = E
′
2 ⊕ · · · ⊕ E
′
2
N/2 times
.
We infer that for the gerbe G′− over SO(4n)/Z2 corresponding to the lower choice
of signs in (6.1) and even level k, the symmetric rank N G′−-branes supported by the
integrable conjugacy classes C′[τ ] with 1-point orbits [τ ] exist only for N even and
are isomorphic to a stack of N/2 rank 2 non-Abelian G′−-branes D′2 determined by
the solution (6.4) of Eq. (6.3). In the algebraic classification of branes [30, 66, 70], see
also [65], based on the simple current technique, those are the cases where the “central
stabilizer” subgroup of the simple current group Z is trivial hence smaller than the
ordinary stabilizer Z[τ ]. That the branes corresponding to such situations should be
counted among the boundary conditions follows by demanding that the total number
of such conditions be equal to the dimension I of the set of the Ishibashi states in the
bulk sector of the theory [30, 66]. The simplest example of such a count is the case of
group G′ = SO(8)/Z2 at level k = 2 where the space of Ishibashi states has dimension
I+ = 11 and I− = 8 for the bulk theories related to gerbes G′± , respectively. There are
five orbits [τ ] in the Weyl alcove A
W
such that kτ is a weight. With the choice of A
W
and its vertices τi as in [40] leading to the Z-action z1τi = τ4−i z2τ0 = τ1 , z2τ2 = τ2 ,
z2τ3 = τ4 , these orbits are:
{τ0, τ1, τ3, τ4},
{ 12 τ0 + 12 τ1, 12 τ3 + 12 τ4}, { 12 τ0 + 12 τ3, 12 τ1 + 12 τ4}, { 12 τ0 + 12 τ4, 12 τ1 + 12 τ3},
{τ2} .
For the boundary theory related to gerbe G′+ , each of those corresponds to integrable
conjugacy class carrying |Z[τ ]| non-isomorphic symmetric rank 1 branes, so altogether
we obtain 1 + 2 + 2 + 2 + 4 = 11 branes. For the theory related to G′− , the conjugacy
class corresponding to the 1-point orbit {τ2} gives rise to a rank 2 brane unique up to
isomorphism and the brane count becomes 1 + 2 + 2 + 2 + 1 = 8.
7 Boundary partition functions and operator product
7.1 Boundary states for simply connected target groups
Although obtained by classical considerations, the geometric classification of branes in
the WZW model permits to elucidate the quantized theory by providing structures that
manifest themselves directly on the quantum level. The spaces of states in the quantum
WZW theory may be realized with the use of geometric quantization as spaces of sec-
tions of vector bundles over the group path spaces. Such vector bundles are canonically
associated to the gerbe G on the group and to pairs of G-branes Ds, s = 0, 1. More
concretely, for L the line bundle over the loop group LG and ED1D0 the vector bundle
over the space of open paths IGD
1
D0 in the group extending between the brane supports,
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see Sect. 3.2, the spaces of sections7
H = Γ(L) , HD
1
D0 = Γ(E
D1
D0 ) (7.1)
provide, respectively, the spaces of bulk and of boundary states of the theory. The
first one carries the action of a left-right current algebra ĝ ⊕ ĝ whereas the second
one that of the chiral current algebra ĝ. The analysis of the representation content
(spectrum) of the space of bulk states for the WZW models with all compact, simple
but possibly non-simply connected groups has been performed in [27]. For the space of
boundary states, the decomposition into the irreducible highest weight representations
of the current algebras has the form
H
D1
D0 ∼= ⊕
λ
(
M D
1
D0λ ⊗ V̂λ¯
)
(7.2)
where the direct sum is over the integrable weights λ and spaces V̂λ¯ carry the irreducible
representations of the current algebra ĝ of level k and highest weight λ¯8. For the theory
with the simply connected target group G and rank Ns symmetric G-branes D
s that are
stacks of rank 1 branes supported by the integrable conjugacy classes Cτs corresponding
to weights λs = kτ s , the multiplicity spaces take the product form
M D
1
D0λ = C
N0 ⊗CN1 ⊗M λ
1
λ0λ . (7.3)
The dimensions of the multiplicity spaces M λ
1
λ0λ for the rank 1 branes are equal to the
fusion coefficients N λ
1
λ0λ so that the boundary partition functions of the WZW theory
with a simply connected target group are given by the expressions
ZD
1
D0 (T ) ≡ TrHD1
D0
e−T L0 = N0N1
∑
λ
N λ
1
λ0λ χ̂λ¯(
iT
2π
)
where the (restricted) affine characters χ̂
λ
( iT2π ) = TrV̂λ
e−T L0 with L0 denoting the
Virasoro generator given by the Sugawara construction.
The multiplicity spaces M λ
1
λ0λ may be thought of in different ways, depending on the
situation. Firstly, they may be naturally identified [41, 38] with the spaces of 3-point
genus zero conformal blocks of the bulk, group G WZW theory with insertions of the
primary fields corresponding to the integrable weights λ1, λ¯0 and λ¯ or, in other words,
as spaces of properly defined intertwiners of the current algebra ĝ actions in the spaces
V̂λ1 and V̂λ0 ⊗ V̂λ. Secondly, they may be identified with the “fusion rule” subspace of
the intertwiners of the Lie algebra g action
HomFR
g
(Vλ1 , Vλ0 ⊗ Vλ) ⊂ Homg(Vλ1 , Vλ0 ⊗ Vλ)
where Vλ stands for the space of the irreducible highest weight λ representation of
g. The relation with the previous picture is that the Lie algebra intertwiners in the
fusion rule subspace are the ones that extend to the current algebra intertwiners (such
extensions are unique). Finally, the spaces M λ
1
λ0λ may be thought of as composed of the
7For positivity of energy, the level k of the theory has to be taken positive
8
λ¯ denotes the highest weight of the irreducible representation of g complex conjugate to the one
with the highest weight λ.
31
(“good”) intertwiners of the action of the quantum deformation Uq(g) of the enveloping
algebra of g in its highest weight modules.
Different realizations of spaces M λ
1
λ0λ are more convenient in different contexts. We
shall need still another realization that is derived from the one based on the fusion rule
intertwiners of the Lie algebra action. We shall need a more concrete description of the
spaces HomFR
g
(Vλ1 , Vλ0 ⊗ Vλ). Consider the linear mapping
Homg(Vλ1 , Vλ0 ⊗ Vλ) ∋ ψ 7−→ |ψ〉 ∈ Vλ
such that for all |v〉 ∈ Vλ and the highest weight vectors |λ
s〉 ∈ Vλs annihilated by the
step generators eα for positive roots α of g,
〈v |ψ〉 = 〈λ0 ⊗ v |ψ |λ1〉 .
It is easy to see that |ψ〉 determines the intertwiner ψ uniquely so that Homg(Vλ1 , Vλ0⊗
Vλ) and its fusion rule subspace may be identified with subspaces in Vλ. The latter is
characterized by the conditions
t |ψ〉 = tr t(λ1 − λ0) |ψ〉 for t ∈ t , (7.4)
e
trα∨
i
λ1+1
−αi |ψ〉 = 0 for i = 1, . . . , r , (7.5)
ek−tr φ
∨λ1+1
φ |ψ〉 = 0 (7.6)
whereas for the former, the 3rd condition should be dropped. Above t denotes the
Cartan subalgebra of g, α∨i the simple coroots and φ, φ
∨ the highest root of g and its
coroot. Equivalently, one may replace conditions (7.5) and (7.6) by
e
trα∨
i
λ0+1
αi |ψ〉 = 0 for i = 1, . . . , r ,
ek−trφ
∨λ0+1
−φ |ψ〉 = 0 .
Below, we shall identify the multiplicity space M λ
1
λ0λ with the subspace of Vλ composed
of vectors satisfying (7.4), (7.5) and (7.6):
M λ
1
λ0λ ⊂ Vλ . (7.7)
M λ
1
λ0λ inherits this way the scalar product from Vλ.
The latter description of the multiplicity spaces is particularly natural in the geo-
metric realization (7.1) of the spaces of states where it may be obtained by evaluating
sections of the vector bundle ED
1
D0 on the special path
[0, π] ∋ x 7→ g
τ0τ1
(x) = e2πi(τ
0+x(τ1−τ0)/π)
in G extending between the brane supports D0 and D1. Such evaluation takes values
in the fiber of ED1D0 over gτ0τ1 which may be canonically identified with C
N0⊗CN1 . The
composition of natural injections
Hom
ĝ
(
V̂λ¯, Γ(E
D1
D0 )
)
→֒ Homg
(
Vλ¯, Γ(E
D1
D0 )
)
→֒ Γ(ED
1
D0 )⊗ Vλ
(7.8)
→֒ CN0 ⊗CN1 ⊗ Vλ ,
where the last but one injection uses the identification between the dual space of Vλ¯
and Vλ and the last one evaluates the sections of E
D1
D0 at gτ0τ1 , embeds the multiplicity
space into CN1 ⊗CN0 ⊗ Vλ.
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7.2 Boundary states for non-simply connected target groups
As pointed out in Sect. 9.2 of [39], the geometric realization (7.1) of the boundary spaces
of states implies a simple relation between those spaces for the WZW models with a
simply-connected target group G and with the quotient target G′ = G/Z. In one phrase,
the latter space of states is composed of the Z-invariant states of the former. More
exactly, for symmetric G′-branes D′s, s = 0, 1, supported by the integrable conjugacy
classes C′[τs] ⊂ G
′, let Ds run through the G-branes supported by the conjugacy classes
Cτs with τ
s ∈ [τ s] obtained by the pullback of branes D′s. There is one such G-brane
Ds for each τ s ∈ [τ s]. We shall denote by Dsz the brane supported by z
−1Cτs = Cτsz if
Ds is supported by τ s. As has been discussed in [39], the D′s brane structures allow
to lift naturally the action of the subgroup Z of the center of G to the vector bundles
ED1D0 :
E
D1z
D0z
ẑ
−→ ED
1
D0
↓ ↓
IG
D1z
D0z
z
−→ IGD
1
D0
with the lower line given by multiplication by z. The action of Z on the vector bundles
ED
1
D0 satisfies ẑ ẑ
′ = ẑz′ and induces the action on the sections:
(U(z)Ψ)(g) = ẑΨ(z−1g)
for Ψ ∈ Γ(E
D1z
D0z ). One obtains in this way a representation U of Z in the space
H˜
′D′1
D′0 = ⊕
(D0,D1)
H
D1
D0
containing all the G-theory states compatible with the ones in H′D′
1
D′0 . Operators U(z)
map H
D1z
D0z to H
D1
D0 . They commute with the action of the current algebra so that through
the decomposition (7.2) they induces the maps
U D
1
D0λ(z) : C
N0 ⊗CN1 ⊗M
λ1z
λ0zλ
−→ CN0 ⊗CN1 ⊗M λ
1
λ0λ
on the multiplicity spaces where zλ = kzτ for λ = kτ and λz = kτz = kz
−1τ . A closer
inspection of the the embeddings (7.8) shows that, in the realization (7.7) of spaces
M λ
1
λ0λ ,
U D
1
D0λ(z) = W
0
λ0;z ⊗ W
1
λ1;z ⊗ wz (7.9)
where Wsλs;z are the solutions of the cohomological equation (5.18) (with values in Ns×
Ns matrices) relabeled, for notational convenience, by the weights λ
s = kτ s. Recall
that the solutions Ws define the G′|D′s-modules E ′
s such that D′s = (C′[τs], E
′s). The
elements wz ∈ G are as in (4.4). Their action in Vλ intertwines the multiplicity spaces:
wz : M
λ1z
λ0zλ
−→ M λ
1
λ0λ . (7.10)
A direct check of this fact may be found in Appendix B. The action (7.10) is a special
case of the action of outer current-algebra automorphisms on spaces of conformal blocks
studied in [33], see also [1].
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The composition rule that assures that U is a representation of Z ,
U D
1
D0λ(z) U
D1z
D0zλ(z
′) = U D
1
D0λ(zz
′) ,
follows easily from the relation wzw
′
z = e
2πi bz.z′wzz′ and the fact that e
2πi bz,z′ acts on
on M λ
1
λ0λ ⊂ Vλ as the multiplication by e
2πi tr (λ1−λ0)bz,z′ = Vλ0;z,z′ Vλ1;z,z′ , see Eqs. (7.4)
and (5.16). Operators (7.9) are unitary. They behave naturally under the changes of the
solutions Ws by coboundaries. Such changes lead to isomorphic modules E ′s and to iso-
morphisms of vector bundles ED1D0 and of multiplicity spaces M
D1
D0λ . Operators U(z) and
UD1D0λ(z) change by conjugation with unitary operators induced by such isomorphisms.
Similarly, a change wz 7→ e
2πiazwz for az ∈ t induces the change Wλ;z 7→ e
2πi trλazWλ;z ,
see Eq. (5.17), that compensates that of wz in Eq. (7.9).
As indicated in [39], the space of boundary states H′D
′1
D′0 of the WZW model with
the G′ target may be identified with the Z-invariant subspace of H˜′D′
1
D′0 :
H
′D′1
D′0 =
1
|Z|
∑
z∈Z
U(z) H˜′D
′1
D′0 ≡ P H˜
′D′1
D′0 (7.11)
where P is the orthogonal projector on the Z-invariant states. The scalar product in
H′D
′1
D′0 should be divided by |Z| with respect to the one inherited from the subspace
of H˜′D′
1
D′0 . In terms of the decomposition into the highest weight representations of the
current algebra ĝ ,
H˜
′D′1
D′0 = M˜
′ D′1
D′0λ ⊗ V̂λ¯ (7.12)
with the multiplicity spaces
M˜ ′ D
′1
D′0λ = ⊕
(D0,D1)
M D
1
D0λ = ⊕
(λ0,λ1)
λs∈[λs]
C
N0 ⊗CN1 ⊗Mλ
1
λ0λ (7.13)
where [λ] denotes the Z-orbit of weight λ under the action λ 7→ zλ. The representation
U induces the operators
U ′ D
′1
D′0λ(z) = ⊕
(D0,D1)
U D
1
D0λ(z) (7.14)
providing a unitary representations of Z in the multiplicity spaces M˜ ′ D
′1
D′0λ. The relation
(7.11) and the decomposition (7.12) imply then that
H
′D′1
D′0 = M
′ D′1
D′0λ ⊗ V̂λ¯
where
M ′ D
′1
D′0λ =
1
|Z|
∑
z∈Z
U ′ D
′1
D′0λ(z) M˜
′ D′1
D′0λ ≡ Pλ M˜
′ D1
D0λ . (7.15)
In short, the multiplicity spaces for the group G′ theory are the Z-invariant subspaces
of the direct sum of the multiplicity spaces for all group G branes compatible with those
of the G′ theory.
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Together with the representation (7.9), the above constructions lead to the following
expression for the boundary partition functions of the group G′ WZW theory:
Z
′D′1
D′0 (T ) ≡ TrH′D
′
1
D′
0
e−T L0 =
∑
λ
N ′ D
′1
D′0λ χ̂λ¯(
iT
2π
)
where
N ′ D
′1
D′0λ = dim
(
M ′ D
′1
D′0λ
)
=
1
|Z|
∑
z∈Z
Tr U ′ D
′1
D′0λ(z)
=
1
|Z|
∑
λs∈[λs]
∑
z∈Z[λ0]∩Z[λ1]
∑
λ
TrWλ0;z TrWλ1;z TrM λ1
λ0λ
wz .
The non-negative integers N ′D
′1
D′0λ are the entries of matrices N
′
λ that provide a “NIM
representation” of the fusion algebra [7, 59]. The relation of the above formulae to
those of [30, 66] was discussed in [39]. It is based on the Verlinde type expressions
conjectured in [33] for the traces of the action of outer automorphisms on the spaces of
conformal blocks, see Eq. 9.62 in [39]. It should be possible to provide a direct proof of
such trace formulae by studying the action of wz on M
λ
λ0λ ⊂ Vλ (or on the quantum
group Uq(g) realization thereof).
7.3 Boundary operator product
As for the boundary operator product for the WZW theory, it is provided by a linear
mapping
A
D1D2
D0D1 : H
D1
D0 ⊗ H
D2
D1 −→ H
D2
D0 .
In terms of the multiplicity spaces of the decomposition (7.2), it is determined by the
maps
AD
1D2 ν
D0D1λµ : M
D1
D0λ ⊗M
D2
D1µ −→ M
D2
D0ν ⊗ Hom
FR
g
(Vν , Vλ ⊗ Vµ) (7.16)
which upon a choice of basis become “operator product coefficients”. The last factor
in (7.16) determines the current-algebra intertwiner from V̂λ¯ ⊗ V̂µ¯ to V̂ν¯ and plays in
what follows a spectator role. For simply connected target groups G and rank 1 branes
supported by integral conjugacy classes Cτs with λ
s = kτ s, the maps (7.16) reduce to
Aλ
1λ2 ν
λ0λ1λµ : M
λ1
λ0λ ⊗ M
λ2
λ1µ −→ M
λ2
λ0ν ⊗ M
ν
λµ (7.17)
or, in the realization of the latter spaces as fusion rule Lie algebra intertwiners, to the
maps
F
λ1ν
[
λ0 λ2
λ µ
]
: HomFR
g
(Vλ1 , Vλ0 ⊗ Vλ) ⊗ Hom
FR
g
(Vλ2 , Vλ1 ⊗ Vµ)
−→ HomFR
g
(Vλ2 , Vλ0 ⊗ Vν) ⊗ Hom
FR
g
(Vν , Vλ ⊗ Vµ)
that may be identified with the fusing F -matrices of the bulk WZW theory [55, 63, 25].
Finally, in the realization of the spaces M νλµ as intertwiners of the quantum group Uq(g)
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action, the maps (7.17) become [4] the quantum “6j symbols” [18] identifying two ways
to decompose triple tensor products of highest weight representations.
For stacks of rank 1 branes in the model with a simply connected target, the maps
(7.16) for the multiplicity spaces given by (7.3) are obtained from those in (7.17) by
tensoring with the contraction
J : CN0 ⊗CN1 ⊗CN1 ⊗CN2 −→ CN0 ⊗CN2
of the middle factors employing the standard scalar product on CN1 .
As pointed out in [39], the picture of the boundary states of the WZW model with
the G′ = G/Z target as Z-invariant states in the G target model leads to a simple
relation between the boundary operator products in both theories. In short, one should
project the operator product of the G model to the Z-invariant sector. More precisely,
consider the space
H˜
′D′1D′2
D′0D′1 = ⊕
(D0,D1,D2)
H
D1
D0 ⊗ H
D2
D1 ⊂ H˜
′D′1
D′0 ⊗ H˜
′D′2
D′1
where the direct sum is over the pullback branes in the G model and let
P˜ : H˜′D
′1
D′0 ⊗ H˜
′D′2
D′1 −→ H˜
′D′1D′2
D′0D′1
be the orthogonal projection. Then the boundary operator product of the G′ model is
given by
A
′ D′1D′2
D′0D′1 = P
(
⊕
(D0,D1,D2)
A
D1D2
D0D1
)
P˜
∣∣∣
H′D
′1
D′0
⊗ H′D′2
D′1
(7.18)
where the operator in parenthesis maps from H˜′ D′
1D′2
D′0D′1 to H˜
′D′2
D′0 . The projector P
above is spurious, since the result lands anyway in H′D′
2
D′0 due to the symmetry property
A
D1D2
D0D1 U(z) ⊗U(z) = U(z) A
D1zD2z
D0zD1z (7.19)
of the operator product. Formula (7.18) descends to the multiplicity spaces. Let
M˜ ′ D
′1D′2
D′0D′1λµ = ⊕
(D0,D1,D2)
M D
1
D0λ ⊗ M
D2
D1µ ⊂ M˜
′ D′1
D′0λ ⊗ M˜
′ D′2
D′1µ
and let P˜ denote the orthogonal projection from M˜ ′ D′
1
D′0λ ⊗ M˜
′ D′2
D′1µ to M˜
′ D′1D′2
D′0D′1λµ. Then
A′ D
′1D′2ν
D′0D′1λµ = Pν
(
J ⊗ ⊕
(λ0,λ1,λ2)
λs∈[λs]
Aλ
1λ2ν
λ0λ1λµ
)
P˜
∣∣∣
M ′D
′1
D′0λ
⊗M ′ D′2
D′1µ
.
(7.20)
The projector Pν , see Eq. (7.15), may again be dropped due to the symmetry property
(7.19) that on the multiplicity spaces in the realization (7.7) reduces to the relation
Aλ
1λ2ν
λ0λ1λµ wz ⊗wz = wz ⊗ I A
λ1zλ
2
z ν
λ0zλ
1
zλµ
, (7.21)
see (7.17) and (7.10). To further elucidate the above formulae, in Appendix C we work
out their details for the case of the SO(3) WZW model.
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8 Conclusions
We have discussed in this paper how to set up carefully the Lagrangian approach to
the WZW models with boundary using the concepts of gerbes and gerbe modules. The
possible boundary conditions involving the Chan-Paton coupling to gauge fields were
described in terms of D-branes in the target group carrying gerbe modules. The cor-
responding gerbes are obtained by the restriction to the D-branes of the gerbe on the
target group with the curvature proportional to the invariant 3-form tr (g−1dg)3. In
particular, we have discussed the (maximally) symmetric branes that preserve the di-
agonal current-algebra symmetry of the WZW model with a compact simple group as
the target. Such branes are supported by the integrable conjugacy classes in the target
group, i.e. the ones that contain elements e2πiλ/k where k is the level of the model and
λ is the (integrable) highest weight of a chiral current algebra primary field.
For a simply connected target group G, up to isomorphism, there is exactly one 1-
dimensional gerbe module that leads to a current-algebra symmetric boundary condition
over each integrable conjugacy class Cτ ⊂ G with kτ = λ, in agreement with Cardy’s
classification of boundary conditions [16]. The N -dimensional gerbe modules with the
same property are direct sums of the 1-dimensional one. In particular, the symmetric
branes in the WZW models with a simply connected target carry only Abelian (twisted)
gauge fields.
For the non-simply connected target groups G′ = G/Z , the integrable conjugacy
classes C′[τ ] ⊂ G
′ correspond to Z-orbits [τ ] of rescaled weights τ , with zCτ ≡ Czτ ⊂
G projecting to the same conjugacy class in G′ as Cτ ⊂ G. The construction of
gerbe modules over C′[τ ] that define symmetric branes required solving a cohomological
equation δW = V with V an explicit 2-cocycle on Z taking values in the Z-module
of U(1)-valued functions on the orbit [τ ]. The scalar solutions W , if existent, lead
to 1-dimensional gerbe modules over C′[τ ] with non-isomorphic choices labeled by the
characters of the fundamental group of C′[τ ]. The N -dimensional gerbe modules are
then direct sums of the 1-dimensional ones, resulting again in symmetric branes carrying
Abelian gauge fields. The exceptional case involves the groups Spin(4n)/(Z2×Z2) =
SO(4n)/Z2 that admit two non-equivalent gerbes differing by discrete torsion. For one
of those choices and the integrable conjugacy classes C′[τ ] corresponding to 1-point orbits
[τ ] there are no scalar solutions of the cohomological equation δW = V and no 1-
dimensional gerbe modules leading to current-algebra symmetric boundary conditions.
There exist, however, matrix-valued solutions W. The one of minimal rank is provided
by the Pauli matrices. It gives rise to a 2-dimensional gerbe module over C′[τ ]. All other
gerbe modules resulting in symmetric branes supported by such conjugacy classes are
direct sums of the 2-dimensional one. The corresponding branes carry a (projectively
flat, twisted) non-Abelian U(2) gauge field. The spontaneous enhancement of the gauge
symmetry is even more common in the boundary WZW models with non-simple targets
[31, 70]. We plan to return to this subject, and to the geometric classification of the so
called twisted-symmetric branes [9] in the WZW models and of branes in general coset
theories [38, 26] in the future. Another theme left for future is the geometric treatment
along similar lines of the WZW amplitudes on non-oriented worldsheets.
In the last section of the paper we have indicated how the solutions of the cohomolog-
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ical equations defining symmetric branes in the WZW models with non-simply connected
targets enter directly the expressions for the boundary partition functions and operator
product coefficients of those models. This demonstrated the utility of the geometric con-
siderations which provide a simple and unified view on both classical and quantum WZW
theory. The general discussion was illustrated by the detailed computation in Appendix
C for the WZW model with the SO(3) group target called, in the algebraic approach,
the non-diagonal D k
2
+2 series of the WZW models with ŝu2 symmetry.
An interesting question left aside concerns the stability [6, 58] of the symmetric branes
discussed in this paper, see also Sect. 4.3 of [67]. The natural guess is that, in the present
context, stable branes are the ones with gerbe modules of the minimal dimension whose
number is equal to the dimension of the bulk Ishibashi states [70]. We plan in the future
to address the stability issue and its geometric formulation. This question is also related
to that of the Ramond-Ramond charges conserved in the brane condensation processes
in the supersymmetric version of the WZW model [72, 10, 28, 11, 12, 35].
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Appendix A List of 1-dimensional symmetric G ′-branes
================================================
Covering Group: SU(r+ 1)
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
Center: ∼= Zr+1
Generator: z , zr+1 = 1
Action on A
W
: zτi = τi+1 , i = 0, 1, . . . , r − 1 , zτr = τ0
weight λ ≡ kτ :
r∑
i=0
niτi , ni ∈ Z
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
Subgroup Z : { zn | n divisible by N ′′ = (r + 1)/N ′ } ∼= ZN ′
Quotient group: SU(r + 1)/ZN ′
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
level: k ∈ Z if N ′ odd or N ′′ even,
k ∈ 2Z if N ′ even and N ′′ odd
2-chain V : Vzn,zm ≡ 1
2-cocycle V : Vτ ;zn,zm =

1 if n+m ≤ r ,
(−1)
r
r∑
i=0
ini
= eπi r(r+1)Qz(λ) if n+m > r
for n,m divisible by N ′′, 0 ≤ n,m ≤ r
Stabilizers: Z[τ ] ∼= Zn′ if n
′ is the largest integer dividing N ′ such that
ni = nj for j = i+ (r + 1)/n
′ mod (r + 1),
possible if n′ divides k
Special solution: W τ̂τ ;zn = e
πi σ n/(r+1)
where σ = 0, 1 is the parity of r
r∑
i=0
ini = r(r+1)Qz(λ) mod 2
constant on [τ ]
cocycle φ̂ : φ̂τ̂ ;zn(z0) ≡ 1
General solution: Wτ ;zn = e
2πinp/(r+1) W τ̂τ ;zn for p = 0, 1, . . . , n
′ − 1
if Z[τ ] ∼= Zn′
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================================================
Covering group: Spin(2r+ 1)
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
Center: ∼= Z2
Generator: z , z2 = 1
Action on A
W
: zτ0 = zτ1 , zτ1 = τ0 , zτi = τi , i = 2, . . . , r
weight λ ≡ kτ :
r∑
i=0
niτi , n0, n1, nr ∈ Z, ni ∈ 2Z for i = 2, . . . , r − 1
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
Subgroup Z : {1, z} ∼= Z2
Quotient group: SO(2r + 1)
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
level: k ∈ Z
2-chain V : Vzn,zm ≡ 1
2-cocycle V : Vτ ;zn,zm =
{
1 if n+m ≤ 1 ,
(−1)rnr = e2πi r Qz(λ) if n+m = 2
for n,m = 0, 1
Stabilizers: Z[τ ] = {1, z} if n0 = n1 and Z[τ ] = {1} otherwise
Special solution: W τ̂τ ;zn = e
πiσn/2
where σ = 0, 1 is the parity of rnr = 2r Qz(λ) mod 2
constant on [τ ]
cocycle φ̂ : φ̂τ̂ ;zn(z0) ≡ 1
General solution: Wτ ;zn = (−1)
np W τ̂τ ;zn for p = 0, 1 if Z[τ ] = {1, z}
40
================================================
Covering group: Sp(2r)
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
Center: ∼= Z2
Generator: z , z2 = 1
Action on A
W
: zτi = τr−i , i = 0, . . . , r
weight λ ≡ kτ :
r∑
i=0
niτi , ni ∈ Z for i = 0, . . . , r
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
Subgroup Z : {1, z} ∼= Z2
Quotient group: Sp(2r)/Z2
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
level: k ∈ Z if r even and k ∈ 2Z if r is odd
2-chain V : Vτ ;zn,zm ≡ 1
2-cocycle V : Vτ ;zn,zm =

1 if n+m ≤ 1 ,
(−1)
r∑
i=0
ini
= e2πiQz(λ) if n+m = 2
for n,m = 0, 1
Stabilizers: Z[τ ] = {1, z} if ni = nr−i , i = 0, . . . , r ,
Z[τ ] = {1} otherwise
Special solution: W τ̂τ ;zn = e
πiσn/2
where σ = 0, 1 is the parity of
r∑
i=0
ini = 2Qz(λ) mod 2
constant on [τ ]
cocycle φ̂ : φ̂τ̂ ;zn(z0) ≡ 1
General solution: Wτ ;zn = (−1)
np W τ̂τ ;zn for p = 0, 1 if Z[τ ] = {1, z}
41
================================================
Covering group: Spin(2r) for odd r
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
Center: ∼= Z4
Generator: z , z4 = 1
Action on A
W
: zτ0 = τr−1 , zτ1 = τr , zτi = τr−i , i = 2, . . . , r
weight λ ≡ kτ :
r∑
i=0
niτi , n0, n1, nr−1, nr ∈ Z ,
ni ∈ 2Z for i = 2, . . . , r − 2
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
Subgroup Z : {1, z2} ∼= Z2
Quotient group: SO(2r)
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
level: k ∈ Z
2-chain V : Vz2n,z2m ≡ 1
2-cocycle V : Vτ ;z2n,z2m =
{
1 if n+m ≤ 1 ,
(−1)nr−1+nr = e4πiQz(λ) if n+m = 2
for n,m = 0, 1
Stabilizers: Z[τ ] = {1, z
2} if n0 = n1 and nr−1 = nr ,
possible if k ∈ 2Z,
Z[τ ] = {1} otherwise
Special solution: W τ̂τ ;z2n = e
πiσn/2
where σ = 0, 1 is the parity of nr−1 + nr = 4Qz(λ) mod 2
constant on [τ ]
cocycle φ̂ : φ̂τ̂ ;z2n(z0) ≡ 1
General solution: Wτ ;z2n = (−1)
np W τ̂τ ;z2n for p = 0, 1 if Z[τ ] = {1, z
2}
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−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
Subgroup Z : ∼= Z4
Quotient group: SO(2r)/Z2
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
level: k ∈ 2Z
2-chain V : Vzn,zm ≡ 1
2-cocycle V : Vτ ;zn,zm =
{
1 if n+m < 4 ,
(−1)nr−1+nr = e4πiQz(λ) if n+m ≥ 4
for n,m = 0, 1, 2, 3
Stabilizers: Z[τ ] ∼= Z4 if n0 = n1 = nr−1 = nr
and ni = nr−i, i = 2, . . . , r − 2,
possible if k ∈ 4Z,
Z[τ ] = {1, z
2} ∼= Z2 if n0 = n1 and nr−1 = nr
but Z[τ ] 6∼= Z4 ,
Z[τ ] = {1} otherwise
Special solution: W τ̂τ ;zn = e
πiσn/4
where σ = 0, 1 is the parity of nr−1 + nr = 4Qz(λ) mod 2
constant on [τ ]
cocycle φ̂ : φ̂τ̂ ;zn(z0) ≡ 1
General solution: Wτ ;zn = e
πipn/2 W τ̂τ ;zn for p = 0, . . . , n
′ − 1 if Z[τ ] ∼= Zn′
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Covering group: Spin(2r) for even r
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
Center: ∼= Z2×Z2
Generators: z1, z2 , z
2
1 = 1 = z
2
2
Action on A
W
: z1τi = τr−i , i = 0, . . . , r ,
z2τ0 = τ1 , z2τ1 = τ0 , z2τi = τi , i = 2, . . . , r − 2 ,
z2τr−1 = τr , z2τr = τr−1
weight λ ≡ kτ :
r∑
i=0
niτi , n0, n1, nr−1, nr ∈ Z ,
ni ∈ 2Z for i = 2, . . . , r − 2
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
Subgroup Z : {1, z1} ∼= Z2
Quotient group: Spin(2r)/{1, z1}
− − −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
level: k ∈ Z if r/2 is even,
k ∈ 2Z if r/2 is odd
2-chain V : Vzn1 ,z
m
1
≡ 1
2-cocycle V : Vτ ;zn1 ,zm1 =
{
1 if n+m ≤ 1 ,
(−1)
r
2
(nr−1+nr) = eπi r Qz2 (λ) if n+m = 2
for n,m = 0, 1
Stabilizers: Z[τ ] = {1, z1} if ni = nr−i , i = 0, . . . , r , possible if k ∈ 2Z,
Z[τ ] = {1} otherwise
Special solution: W τ̂τ ;zn1
= eπiσn/2
where σ = 0, 1 is the parity of r2 (nr−1+nr) = r Qz2 (λ) mod 2
constant on [τ ]
cocycle φ̂ : φ̂τ̂ ;zn1
(z0) ≡ 1
General solution: Wτ ;zn1 = (−1)
np W τ̂τ ;zn1
for p = 0, 1 if Z[τ ] = {1, z1}
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−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
Subgroup Z : {1, z2} ∼= Z2
Quotient group: SO(2r)
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
level: k ∈ Z
2-chain V : Vzn2 ,zm2 ≡ 1
2-cocycle V : Vτ ;zn2 ,zm2 =
{
1 if n+m ≤ 1,
(−1)nr−1+nr = e2πiQz2 (λ) if n+m = 2
for n,m = 0, 1
Stabilizers: Z[τ ] = {1, z2} if n0 = n1 and nr−1 = nr , possible if k ∈ 2Z,
Z[τ ] = {1} otherwise
Special solution: W τ̂τ ;zn2
= eπiσn/2
where σ = 0, 1 is the parity of nr−1 + nr = 2Qz2 (λ) mod 2
constant on [τ ]
cocycle φ̂ : φ̂τ̂ ;zn2
(z0) ≡ 1
General solution: Wτ ;zn2 = (−1)
np W τ̂τ ;zn2
for p = 0, 1 if Z[τ ] = {1, z2}
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−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
Subgroup Z : {1, z1z2} ∼= Z2
Quotient group: Spin(2r)/{1, z1z2}
− − −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
level: k ∈ Z if r/2 is even,
k ∈ 2Z if r/2 is odd
2-chain V : V(z1z2)n,(z1z2)m ≡ 1
2-cocycle V : Vτ ;(z1z2)n,(z1z2)m =
{
1 if n+m ≤ 1,
(−1)
r
2
(nr−1+nr)= eπi r Qz2 (λ) if n+m = 2
for n,m = 0, 1
Stabilizers: Z[τ ] = {1, z1z2} if n0 = nr−1 , n1 = nr ,
and ni = nr−i for i = 2, . . . , r − 2,
possible if k ∈ 2Z,
Z[τ ] = {1} otherwise
Special solution: W τ̂τ ;(z1z2)n = e
πiσn/2
where σ = 0, 1 is the parity of r2 (nr−1+nr) = r Qz2 (λ) mod 2
constant on [τ ]
cocycle φ̂ : φ̂τ̂ ;(z1z2)n(z0) ≡ 1
General solution: Wτ ;(z1z2)n = (−1)
np W τ̂τ ;(z1z2)n for p = 0, 1 if Z[τ ] = {1, z1z2}
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−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
Subgroup Z : {1, z1, z2, z1z2} ∼= Z2×Z2
Quotient group: SO(2r)/Z2
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
level: k ∈ Z if r/2 is even,
k ∈ 2Z if r/2 is odd
2-chain V :
k odd
Vz,z′ =

∓i if (z, z′) = (z2, z1) ,
±i if (z, z′) = (z2, z1z2), (z1z2, z1),
(z1z2, z1z2) ,
−1 if (z, z′) = (z1z2, z2) ,
1 otherwise
2-chain V :
k even
Vz,z′ =
 ±1 if (z, z
′) = (z2, z1), (z2, z1z2),
(z1z2, z1), (z1z2, z1z2),
1 otherwise
2-cocycle V :
k odd
Vτ ;z,z′ =

∓i(−1)nr−1+nr if (z, z′) = (z2, z1) ,
(−1)nr−1+nr if (z, z′) = (z2, z2) ,
±i if (z, z′) = (z2, z1z2), (z1z2, z1z2) ,
±i(−1)nr−1+nr if (z, z′) = (z1z2, z1) ,
−(−1)nr−1+nr if (z, z′) = (z1z2, z2) ,
1 otherwise
2-cocycle V :
k even, r/2 even
Vτ ;z,z′ =

±(−1)nr−1+nr if (z, z′) = (z2, z1), (z1z2, z1),
(−1)nr−1+nr if (z, z′) = (z2, z2), (z1z2, z2),
±1 if (z, z′) = (z2, z1z2), (z1z2, z1z2),
1 otherwise
2-cocycle V :
k even, r/2 odd
Vτ ;z,z′ =

(−1)nr−1+nr if (z, z′) = (z1, z1), (z1, z1z2),
(z2, z2), (z1z2, z2),
±(−1)nr−1+nr if (z, z′) = (z2, z1), (z1z2, z1z2),
±1 if (z, z′) = (z2, z1z2), (z1z2, z1),
1 otherwise
with (−1)nr−1+nr = e2πiQz2 (λ) and the signs corresponding to two choices G′± of the gerbe
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−−−−−−−−−−−−−−−−−−
Stabilizers: Z[τ ] = {1} if ni 6= nr−i for some i = 0, . . . , r
and n0 6= n1 or nr−1 6= nr
and n0 6= nr−1 or n1 6= nr or ni 6= nr−i
for some i = 2, . . . , r − 2
Special solution: W τ̂
τ̂z ;z′
= Vτ̂ ;z,z′
cocycle φ̂ : φ̂τ̂ ;z(1) ≡ 1
−−−−−−−−−−−−−−−−−−
Stabilizers: Z[τ ] = {1, z1} if ni = nr−i for i = 0, . . . , r but n0 6= n1 ,
possible if k ∈ 2Z
Special solution:
r/2 even
W τ̂
τ̂z ;z′
= Vτ̂ ;z,z′
Special solution:
r/2 odd
W τ̂
τ̂z ;z′
=

eπiσ/2 if (z, z′) = (1, z1), (1, z1z2),
(z1, z1), (z1, z1z2),
±e−πiσ/2 if (z, z′) = (z2, z1), (z1z2, z1),
(−1)σ if (z, z′) = (z2, z2), (z1z2, z2),
±eπiσ/2 if (z, z′) = (z2, z1z2), (z1z2, z1z2),
1 otherwise
where σ = 0, 1 is the parity of nr−1 + nr = 2Qz2 (λ) mod 2
constant on [τ ]
cocycle φ̂ : φ̂τ̂ ;z(z0) =
{
±(−1)σ if (z, z0) = (z2, z1), (z1z2, z1) ,
1 otherwise
General solution: Wτ ;zn1 zm2 = (−1)
np W τ̂τ ;zn1 zm2
for p = 0, 1
−−−−−−−−−−−−−−−−−−
Stabilizers: Z[τ ] = {1, z2} if n0 = n1 and nr−1 = nr
but ni 6= nr−i for some i = 0, . . . , r ,
possible if k ∈ 2Z
Special solution: W τ̂
τ̂z ;z′
=
 ±1 if (z, z
′) = (1, z1z2), (z1, z2),
(z2, z1z2), (z1z2, z2) ,
1 otherwise
cocycle φ̂ : φ̂τ̂ ;z(z0) =
{
±1 if (z, z0) = (z1, z2), (z1z2, z2) ,
1 otherwise
General solution: Wτ ;zn1 zm2 = (−1)
mp W τ̂τ ;zn1 zm2
for p = 0, 1
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−−−−−−−−−−−−−−−−−−
Stabilizers: Z[τ ] = {1, z1z2} if n0 = nr−1 6= n1 = nr
and ni = nr−i for i = 2, . . . , r − 2,
possible if k ∈ 2Z
Special solution:
r/2 even
W τ̂
τ̂z ;z′
=

{
1
i
}
if (z, z′) = (1, z1z2), (z1, z2),
(z2, z2), (z1z1, z1z2),
(−1)σ
{
1
−i
}
if (z, z′) = (1, z2), (z1, z1z2),
(z2, z1z2), (z1z2, z2),
1 otherwise
Special solution:
r/2 odd
W τ̂
τ̂z ;z′
=

eπiσ/2
{
1
−i
}
if (z, z′) = (1, z2), (z1z2, z2),
eπiσ/2
{
1
i
}
if (z, z′) = (1, z1z2), (z1, z2),
(z2, z2), (z1z2, z1z2),
(−1)σ if (z, z′) = (z1, z1), (z2, z1),
e−πiσ/2
{
1
−i
}
if (z, z′) = (z1, z1z2), (z2, z1z2),
1 otherwise
where σ = 0, 1 is the parity of nr−1 + nr = 2Qz2 (λ) mod 2
constant on [τ ]
cocycle φ̂ : φ̂τ̂ ;z(z0) =
{
±(−1)σ if (z, z0) = (z1, z1z2), (z2, z1z2) ,
1 otherwise
General solution: Wτ ;zn1 zm2 = (−1)
np W τ̂τ ;zn1 zm2
for p = 0, 1
−−−−−−−−−−−−−−−−−−
Stabilizers: Z[τ ] = {1, z1, z2, z1z2} if n0 = n1 = nr−1 = nr
and ni = nr−i for i = 2, . . . , r − 2,
possible if k ∈ 2Z
Special solution: W τ̂τ ;z,z′ =
{
1 ,
no solution for the lower sign case
cocycle φ̂ : φ̂τ̂ ;z(z0) ≡ 1
General solution: Wτ ;zn1 zm2 = (−1)
np+mq W τ̂τ ;zn1 zm2
for p, q = 0, 1
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Covering group: E6
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
Center: ∼= Z3
Generator: z , z3 = 1
Action on A
W
: zτ0 = τ1 , zτ1 = τ5 , zτ2 = τ4 , zτ3 = τ3 ,
zτ4 = τ6 , zτ5 = τ0 , zτ6 = τ2
weight λ ≡ kτ :
r∑
i=0
niτi , n0, n1, n5 ∈ Z, n2, n4, n6 ∈ 2Z, n3 ∈ 3Z
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
Subgroup Z : {1, z, z2} ∼= Z3
Quotient group: E6/Z3
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
level: k ∈ Z
2-chain V : Vzn,zm ≡ 1
2-cocycle V : Vτ ;zn,zm = 1
Stabilizers: Z[τ ] = {1, z, z
2} if n0 = n1 = n5 and n2 = n4 = n6 ,
possible if k ∈ 3Z
Z[τ ] = {1} otherwise
Special solution: W τ̂τ ;zn = 1
cocycle φ̂ : φ̂τ̂ ;z(z0) ≡ 1
General solution: Wτ ;zn = e
2πinp/3 for p = 0, 1, 2 if Z[τ ] = {1, z, z
2}
50
================================================
Covering group: E7
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
Center: ∼= Z2
Generator: z , z2 = 1
Action on A
W
: zτ0 = τ1 , zτ1 = τ0 , zτi = τ8−i for i = 2, . . . , 6, zτ7 = τ7
weight λ ≡ kτ :
r∑
i=0
niτi , n0, n1 ∈ Z, n2, n6, n7 ∈ 2Z,
n3, n5 ∈ 3Z, n4 ∈ 4Z
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
Subgroup Z : {1, z} ∼= Z2
Quotient group: E7/Z2
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
level: k ∈ 2Z
2-chain V : Vzn,zm ≡ 1
2-cocycle V : Vτ ;zn,zm =
{
1 if n+m ≤ 1 ,
(−1)n1+n3+
n7
2 = e2πiQz(λ) if n+m = 2
for n,m = 0, 1
Stabilizers: Z[τ ] = {1, z} if n0 = n1 , n2 = n6 and n3 = n5 ,
Z[τ ] = {1} otherwise
Special solution: W τ̂τ ;zn = e
πiσn/2
where σ = 0, 1 is the parity of n1+n3+
n7
2 = 2Qz(λ) mod 2
constant on [τ ]
cocycle φ̂ : φ̂τ̂ ;zn(z0) ≡ 1
General solution: Wτ ;zn = (−1)
np W τ̂τ ;zn for p = 0, 1 if Z[τ ] = {1, z}
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Appendix B
We provide here a direct check that the action of the group elements wz in Vλ
intertwines the multiplicity subspaces M λ
1
λ0λ, see (7.10). We have to show that under
the action of wz in Vλ an element |ψ〉 ∈M
λ1z
λ0zλ
⊂ Vλ lands in M
λ1
λ0λ. One has to check
then that wz |ψ〉 satisfies conditions (7.4), (7.5) and (7.6). The first one follows since
t wz |ψ〉 = wz w
−1
z t wz |ψ〉 = [tr (w
−1
z t wz)(λ
1
z − λ
0
z)] wz |ψ〉
= [tr t(λ1 − λ0)] wz |ψ〉 .
For the second and the third condition, one has to use the relations
w−1z αi wz =
{
αiz if iz 6= 0 ,
−φ if iz = 0 ,
w−1z φwz = −α0z
easy to check by computing the Killing form between both sides and τi =
1
k∨
i
λi. The
above equalities imply that
w−1z e−αi wz =
{
e−αiz if iz 6= 0 ,
eφ if iz = 0 ,
w−1z eφ wz = e−α0z
and that
trα∨i λ
1 =
{
trαizλ
1
z if iz 6= 0 ,
k − trφ∨λ1z if iz = 0 ,
k − trφ∨λ1 = trα∨0zλ
1
z .
As a result,
e
trα∨
i
λ1+1
−αi wz |ψ〉 =
 wz e
trα∨
iz
λ1z+1
−αiz |ψ〉 if iz 6= 0 ,
wz e
k−trφ∨λ1z+1
φ |ψ〉 if iz = 0 ,
e
k−trφ∨λ1z+1
φ wz |ψ〉 = wz e
trα∨0zλ
1
z+1
−α0z |ψ〉
and the right hand sides vanish since |ψ〉 ∈M
λ1z
λ0zλ
. Note that one of the consequences of
the intertwining property of wz is the symmetry N
λ1z
λ0zλ
= N λ
1
λ0λ of the fusion coefficients
giving the dimensions of the spaces M λ
1
λ0λ.
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Appendix C
For the sake of illustration, we make explicit the formulae of Sect. 7 for the case
of the WZW model with the SO(3) target. With the Cartan subalgebra of su(2)
spanned by the Pauli matrix σ3, we label the weights jσ3 integrable at level k by spins
j = 0, 12 , . . . ,
k
2 . They correspond to the integrable conjugacy classes Cjσ3/k ⊂ SU(2)
supporting the rank 1 branes D1 of the theory with the SU(2) target that we shall also
label by j. In the rank 1 case, the multiplicity spaces of the decomposition (7.2) and
(7.3) take in the realization (7.7) the form
M j
1
j0j =
{
C |j, j1 − j0〉 if j + j0 + j1 ∈ Z and |j0 − j1| ≤ j ≤ min( j
0+j1
k−j0−j1 ) ,
{0} otherwise
where |j,m〉 are the vectors of the standard orthonormal bases of the spin j representa-
tion Vj labeled by the magnetic number m = −j,−j + 1, . . . , j. The dimensions N
j1
j0j
are equal 1 or 0. In other words, the multiplicity space M j
1
j0j is spanned by the vector
e j
1
j0j ≡ N
j1
j0j |j, j
1 − j0〉 ∈ Vj .
The group SO(3) is the quotient of SU(2) by the center Z = {1,−1}. The level k
of the SO(3) model has to be even. The nontrivial element of Z acts on the weights by
j 7→ k2−j ≡ j− . One has N
j1
−
j0
−
j = N
j1
j0j . We shall label the integrable conjugacy classes in
SO(3) by the corresponding Z-orbits of spins, with the two-point orbits [j] = {j, j
−
},
j = 0, 12 , . . . ,
k
4 −
1
2 , and the single-point one [
k
4 ] = {
k
4}. With the choice w1 = 1,
w−1 = ( 0 ii 0 ) and b−1,−1 =
1
2σ
3 as in [40], the special solution W of the cohomological
equation (5.18), relabeled by spins j such that kτ = jσ3, has the form
Wj;1 = 1 , Wj;−1 =
{
1 if 2j is even ,
i if 2j is odd ,
(C.1)
see Appendix A. It induces unique (up to isomorphism) rank 1 branes D′1 of the SO(3)
model supported by the conjugacy classes corresponding to the two-point orbits [j]. To
simplify notations, we shall label such branes by [j]. On the other hand, there are
two non-isomorphic choices, induced by Wj;−1 of Eq. (C.1) and by its negative, for the
branes supported by the conjugacy class corresponding to the single-point orbit [k4 ]. We
shall label them [k4 ]± . Since w−1 |j,m〉 = i
2j |j,−m〉, for the solution (C.1) the map
U j
1
j0j(−1) : M
j1
−
j0
−
j −→ M
j1
j0j
of Eq. (7.9) takes the form
U j
1
j0j(−1) e
j1
−
j0
−
j = u
j1
j0j e
j1
j0j
where
u j
1
j0j =

i
2j if 2j is even ,
i
2j−1 if 2j0 is even and 2j1 is odd ,
i
2j+1 if 2j0 is odd and 2j1 is even .
(C.2)
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Note that u j
1
j0j = u
j1
j0
−
j = u
j1
−
j0j and that (u
j1
j0j)
2 = 1.
Given operators U j
1
j0j(z), the multiplicity spaces in the boundary SO(3) model are
obtained using relations (7.13), (7.14) and (7.15). First, for j0, j1 < k4 , the space M˜
′ [j1]
[j0] j
is spanned by the vectors e j
1
j0j , e
j1
j0
−
j , e
j1
−
j0j , e
j1
−
j0
−
so that, with N denoting the diagonal
matrix with the entries N j
1
j0j , N
j1
j0
−
j , N
j1
j0
−
j , N
j1
j0j , we may identify
M˜
′ [j1]
[j0] j
∼= N C4 .
The operator U
[j1]
[j0] j(−1) becomes in this representation a 4× 4 anti-diagonal matrix
with the entries given by Eq. (C.2). The multiplicity spaces M
′ [j1]
[j0] j are spanned by the
vectors
e
′ [j1]
[j0] j =
1√
2
(
e j
1
j0j + u
j1
j0j e
j1
−
j0
−
j
)
, f
′ [j1]
[j0] j =
1√
2
(
e j
1
j0
−
j + u
j1
j0j e
j1
−
j0j
)
and their dimension is
N
′ [j1]
[j0] j = N
j1
j0 j +N
j1
j0
−
j
.
Next, for j0 = k4 and j
1 < k4 , the space M˜
′ [j1]
[ k4 ]±j
is spanned by the vectors e j
1
k
4 j
, e
j1
−
k
4 j
so that we may identify
M˜
′ [j1]
[ k4 ]±j
∼= N
j1
k
4 j
C
2 .
The operator U
[ k4 ]±
[j0] j (−1) is represented by an anti-diagonal 2×2 matrix with the entries
given by Eq. (C.2) multiplied by ±1 for the [ k4 ]± branes. The multiplicity space M
′ [ k4 ]±
[j0] j
is spanned by the vector
e
′ [j1]
[ k4 ]±j
=
1√
2
(
e j
1
k
4 j
± u j
1
k
4 j
e
j1
−
k
4 j
)
and has the dimension
N
′ [j1]
[ k4 ]±j
= N j
1
k
4 j
.
The case j0 < k4 , j
1 = k4 is similar with
M˜
′ [ k4 ]±
[j0] j
∼= N
k
4
j0 j C
2 ,
the multiplicity space M
′ [ k4 ]±
[j0] j spanned by the vector
e
′ [ k4 ]±
[j0] j =
1√
2
(
e
k
4
j0j ± u
k
4
j0j e
k
4
j0
−
j
)
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and its dimension equal to
N
′ [ k4 ]±
[j0] j = N
k
4
j0 j .
Finally, for j0 = j1 = k4 , the space M˜
′ [ k4 ]±
[ k4 ]±j
is spanned by the vector e
k
4
k
4 j
. Note that
N
k
4
k
4 j
is equal to 1 for integer j and to 0 for half-integer j so that e
k
4
k
4 j
= 0 for half-
integer j. The operator U
[ k4 ]±
[ k4 ]±j
acts as multiplication by (±)(±)(−1)j with the signs
labeling the choices of the branes. The multiplicity space M
′ [ k4 ]±
[ k4 ]±j
is spanned by the
vector
e
′ [ k4 ]±
[ k4 ]±j
=
1
2
(
1 + (±)(±)(−1)j
)
e
k
4
k
4 j
and its dimension is
N
′ [ k4 ]±
[ k4 ]± j
=
1
2
(
1 + (±)(±)(−1)j
)
N
k
4
k
4 j
.
In particular, for j = 12 and j
0, j1 = 0, 12 , . . . , k4 − 12 , one obtains:
N
′ [j1]
[j0] 12
=
{
1 if |j0 − j1| = 12 ,
0 otherwise ,
N
′ [ k4 ]±
[j0] 12
=
{
1 if j0 = k4 −
1
2 ,
0 otherwise ,
N
′ [j1]
[ k4 ]±
1
2
=
{
1 if j1 = k4 −
1
2 ,
0 otherwise ,
N
′ [ k4 ]±
[ k4 ]±
1
2
= 0
so that the matrix N ′1
2
may be identified with the adjacency matrix of the D k
2+2
Dynkin
diagram [7].
For the SU(2) theory, the operator product coefficients are given by the map A j
1j2j′′
j0j1j j′
of (7.17) such that
A j
1j2j′′
j0j1j j′ e
j1
j0j ⊗ e
j2
j1j′ = Fj1j′′
[
j0 j2
j j′
]
e j
2
j0j′′ ⊗ e
j′′
j j′
where the entries of the fusing F -matrix F
j1j′′
[
j0 j2
j j′
]
vanish unless N j
1
j0jN
j2
j1j′N
j2
j0j′′N
j′′
j j′ =
1. The symmetry (7.21) reduces to the relation
F
j1
−
j′′
[
j0
−
j2
−
j j′
]
= (−1)j
′′−j−j′ F
j1j′′
[
j0 j2
j j′
]
for the fusing matrices, see [13]. For the boundary operator product of the SO(3) model,
see [64] for a related work for the minimal models and [52] for the case of level k divisible
by 4, one obtains using the relation (7.20) and the identity
(−1)j
′′−j−j′ u j
1
j0j u
j2
j1j′ = u
j2
j0j′′
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holding whenever N j
1
j0jN
j2
j1j′N
j2
j0j′′N
j′′
j j′ = 1:
A
′ [j1][j2] j′′
[j0][j1] j j′ e
′ [j1]
[j0] j ⊗ e
′ [j2]
[j1] j′ =
1√
2
F
j1j′′
[
j0 j2
j j′
]
e
′[j2]
[j0] j′′ ⊗ e
j′′
j j′ ,
A
′ [j1][j2] j′′
[j0][j1] j j′ f
′ [j1]
[j0] j ⊗ f
′ [j2]
[j1] j′ =
1√
2
u j
1
j0j Fj1
−
j′′
[
j0 j2
j j′
]
e
′[j2]
[j0] j′′ ⊗ e
j′′
j j′ ,
A
′ [j1][j2] j′′
[j0][j1] j j′ e
′ [j1]
[j0] j ⊗ f
′ [j2]
[j1] j′ =
1√
2
u j
1
j0j Fj1
−
j′′
[
j0
−
j2
j j′
]
f
′[j2]
[j0] j′′ ⊗ e
j′′
j j′ ,
A
′ [j1][j2] j′′
[j0][j1] j j′ f
′ [j1]
[j0] j ⊗ e
′ [j2]
[j1] j′ =
1√
2
F
j1j′′
[
j0
−
j2
j j′
]
f
′[j2]
[j0] j′′ ⊗ e
j′′
j j′ ,
A
′ [j1][j2] j′′
[ k4 ]± [j
1] j j′
e
′ [j1]
[ k4 ]±j
⊗ e
′ [j2]
[j1] j′ =
1√
2
F
j1j′′
[
k
4
j2
j j′
]
e
′[j2]
[ k4 ]±j
′′ ⊗ e
j′′
j j′ ,
A
′ [j1][j2] j′′
[ k4 ]± [j
1] j j′
e
′ [j1]
[ k4 ]±j
⊗ f
′ [j2]
[j1] j′ = ±
1√
2
uj
1
k
4 j
F
j1
−
j′′
[
k
4
j2
j j′
]
e
′[j2]
[ k4 ]±j
′′ ⊗ e
j′′
j j′ ,
A
′ [ k4 ]± [j2] j′′
[j0][ k4 ]±j j
′ e
′ [ k4 ]±
[j0] j ⊗ e
′ [j2]
[ k4 ]±j
′ =
1√
2
F
k
4
j′′
[
j0 j2
j j′
]
e
′[j2]
[j0] j′′ ⊗ e
j′′
j j′
±
1√
2
u
k
4
j0j Fk
4
j′′
[
j0
−
j2
j j′
]
f
′[j2]
[j0] j′′ ⊗ e
j′′
j j′ ,
A
′ [j1][ k4 ]±j′′
[j0][j1] j j′ e
′ [j1]
[j0] j ⊗ e
′ [ k4 ]±
[j1] j′ =
1√
2
F
j1j′′
[
j0 k
4
j j′
]
e
′ [ k4 ]±
[j0] j′′ ⊗ e
j′′
j j′ ,
A
′ [j1][ k4 ]±j′′
[j0][j1] j j′ f
′ [j1]
[j0] j ⊗ e
′ [ k4 ]±
[j1] j′ = ±
1√
2
u
k
4
j0j′′ Fj1j′′
[
j0
−
k
4
j j′
]
e
′ [ k4 ]±
[j0] j′′ ⊗ e
j′′
j j′ ,
A
′ [ k4 ]± [j2] j′′
[ k4 ]± [
k
4 ]±j j
′ e
′ [ k4 ]±
[ k4 ]±j
⊗ e
′ [j2]
[ k4 ]±j
′ =
1
2
(
1 + (±)(±)(−1)j
)
· F
k
4
j′′
[
k
4
j2
j j′
]
e
′ [j2]
[ k4 ]±j
′′ ⊗ e
j′′
j j′ ,
A
′ [ k4 ]± [ k4 ]±j′′
[j0][ k4 ]±j j
′ e
′ [ k4 ]±
[j0] j ⊗ e
′ [ k4 ]±
[ k4 ]±j
′ =
1
2
(
1 + (±)(±)(−1)j
′
)
· F
k
4
j′′
[
j0 k
4
j j′
]
e
′ [ k4 ]±
[j0] j′′ ⊗ e
j′′
j j′ ,
A
′ [j1][ k4 ]±j′′
[ k4 ]± [j
1] j j′
e
′ [j1]
[ k4 ]±j
⊗ e
′ [ k4 ]±
[j1] j′ = Fj1j′′
[
k
4
k
4
j j′
]
e
′ [ k4 ]±
[ k4 ]±j
′′ ⊗ e
j′′
j j′ ,
A
′ [ k4 ]± [ k4 ]±j′′
[ k4 ]± [
k
4 ]±j j
′ e
′ [ k4 ]±
[ k4 ]±j
⊗ e
′ [ k4 ]±
[ k4 ]±j
′ =
1
2
(
1 + (±)(±)(−1)j
)
· F
k
4
j′′
[
k
4
k
4
j j′
]
e
′ [ k4 ]±
[ k4 ]±j
′′ ⊗ e
j′′
j j′ .
56
References
[1] Alekseev, A., Meinrenken, E., Woodward, C.: The Verlinde formulas as fixed point
formulas. J. Symplectic Geom. 1 (2001), 1-46 and 1 (2002), 427-434
[2] Alekseev, A. Yu., Schomerus, V.: D-branes in the WZW model. Phys. Rev. D 60
(1999), R061901-R061902
[3] Alvarez, O.: Topological quantization and cohomology. Commun. Math. Phys. 100
(1985), 279-309
[4] Alvarez-Gaume´, L., Gomez, C., Sierra, G.: Quantum group interpretation of some
conformal field theories. Phys. Lett. B 220 (1989), 142-152
[5] Aspinwall, P., S.: D-branes on Calabi-Yau manifolds. arXiv:hep-th/0403166
[6] Bachas, C., Douglas, M. Schweigert, C.: Flux stabilization of D-branes. J. High
Energy Phys. JHEP05 (2000), 048
[7] Behrend, R. E., Pearce, P. A., Petkova, V. B., Zuber, J.-B.: Boundary conditions
in rational conformal field theories. Nucl. Phys. B 579 (2000), 707-773
[8] Behrend, K., Xu, P. Zhang, B.: Equivariant gerbes over compact simple Lie groups.
C. R. Acad. Sci. Paris 336 Se´r. I (2003), 251-256
[9] Birke, L., Fuchs, J., Schweigert, C.: Symmetry breaking boundary conditions and
WZW orbifolds. Adv. Theor. Math. Phys. 3 (1999), 671-726
[10] Bouwknegt, P., Carey, A. L., Mathai, V., Murray, M. K., Stevenson, D., Twisted
K-theory and K-theory of bundle gerbes. Comm. Math. Phys. 228 (2002), 17-45
[11] Bouwknegt, P., Dawson, P., Ridout, D.: D-branes on group manifolds and fusion
rings. J. High Energy Phys. JHEP12 (2002), 065
[12] Bouwknegt, P., Ridout, D.: A note on the equality of algebraic and geometric D-
brane charges in WZW models. J. High Energy Phys. JHEP05 (2004), 029
[13] Bruner, I., Schomerus, V.: On Superpotentials for D-branes in Gepner models. J.
High Energy Phys. JHEP10 (2000), 016
[14] Brylinski, J.-L.: Loop Spaces, Characteristic Classes and Geometric Quantization.
Prog. Math. 107, Birkha¨user, Boston 1993
[15] Brylinski, J.-L.: Gerbes on complex reductive Lie groups. arXiv:math.DG/000 2158.
[16] Cardy, J. L.: Boundary conditions, fusion rules and the Verlinde formula. Nucl.
Phys. B 324 (1989), 581-598
[17] Carey, A. L., Johnson, S., Murray, M. K,: Holonomy on D-Branes. arXiv:hep-
th/0204199
[18] Carter, J. S., Flath, D. E., Saito, M.: The Classical and Quantum 6j-Symbols.
Princeton U. Press, Princeton 1995
57
[19] Chatterjee, D. S.: On gerbs. Ph.D. thesis, Trinity College, Cambridge, 1998.
[20] Di Francesco, P., Mathieu, P., Se´ne´chal, D.: Conformal Field Theory. Springer-
Verlag, New York 1997
[21] Douglas, M.: D-branes and discrete torsion. hep-th/9807235
[22] Douglas, M.: Topics in D-geometry. Class. Quant. Grav. 17 (2000), 1057-1070
[23] Douglas, M.: Lectures on D-branes on Calabi-Yau manifolds. ICTP Lect. Notes,
VII, Trieste 2002, http://www.ictp.trieste.it/∼pub off/lectures/vol7.html
[24] Douglas, M., Fiol, B.: D-branes and discrete torsion II. arXiv:hep-th/9903031
[25] Felder, G., Fro¨hlich, J., Fuchs, J., Schweigert, C.: Conformal boundary conditions
and three-dimensional topological field theory. Phys. Rev. Lett. 84 (2000), 1659-
1662
[26] Elitzur, S., Sarkissian, G.: D-Branes on a gauged WZW model. Nucl.Phys. B 625
(2002), 166-178
[27] Felder, G., Gawe¸dzki, K., Kupiainen, A.: Spectra of Wess-Zumino-Witten models
with arbitrary simple groups. Commun. Math. Phys. 117 (1988), 127-158
[28] Fredenhagen, S., Schomerus, V.: Branes on group manifolds, gluon condensates,
and twisted K-theory. J. High Energy Phys. JHEP04 (2001), 007
[29] Freed, D. S., Witten, E.: Anomalies in string theory with D-branes. Asian J. Math.
3 (1999), 819-851
[30] Fuchs, J., Huiszoon, L. R., Schellekens, A. N., Schweigert, C., Walcher, J.: Bound-
aries, crosscaps and simple currents. Phys. Lett. B 495 (2000), 427-434
[31] Fuchs, J., Kaste, P., Lerche, W., Lutken, C., Schweigert, C., Walcher, J: Boundary
fixed points, enhanced Gauge symmetry and singular bundles on K3. Nucl. Phys.
B598 (2001), 57-72
[32] Fuchs, J., Runkel, I., Schweigert, C.: TFT construction of RCFT correlators III:
Simple currents. arXiv:hep-th/0403157
[33] Fuchs, J., Schweigert, C.: The action of outer automorphisms on bundles of chiral
blocks. Commun. Math. Phys. 206 (1999), 691-736
[34] Gaberdiel, M. R., Gannon, T.: Boundary states for WZW models. Nucl. Phys. B
639 (2002), 471-501
[35] Gaberdiel, M. R., Gannon, T.: D-brane charges on non-simply connected groups.
J. High Energy Phys. JHEP04 (2004), 030
[36] K. Gawe¸dzki, Topological actions in two-dimensional quantum field theories, In:
Non-perturbative Quantum Field Theory, eds. ’t Hooft, G., Jaffe, A., Mack, G.,
Mitter, P. K., Stora, R., Plenum Press, New York 1988, pp. 101-142
58
[37] Gawe¸dzki, K.: Conformal field theory: a case study. In: Conformal Field The-
ory: New Non-Perturbative Methods in String and Field Theory, eds. Nutku, Y.,
Saclioglu, C., Turgut, T., Perseus 2000, pp. 1-55
[38] Gawe¸dzki, K.: Boundary WZW, G/H, G/G and CS theories. Ann. Henri Poincare´
3 (2002), 847-881
[39] Gawe¸dzki, K., Reis, N.: WZW branes and gerbes. Rev. Math. Phys. 14 (2002),
1281-1334
[40] Gawe¸dzki, K., Reis, N.: Basic gerbe over non-simply connected compact groups. J.
Geom. Phys. 50 (2004), 28-55
[41] Gawe¸dzki, K., Todorov, I., Tran-Ngoc-Bich, P.: Canonical quantization of the
boundary Wess-Zumino-Witten model. arXiv:hep-th/0101170, to appear in Com-
mun. Math. Phys.
[42] Gepner, D., E. Witten, E.: String Theory on Group Manifolds, Nucl. Phys. B 278
(1986), 493-549
[43] Giraud, J.: Cohomologie non-abe´lienne. Grundl. vol. bf 179, Springer 1971
[44] Hitchin, N. J.: Lectures on special Lagrangian submanifolds. In: Winter School
on Mirror Symmetry, Vector Bundles and Lagrangian Submanifold, eds. Vafa, C.,
Yau, S.-T., AMS/IP Stud. Adv. Math. vol. 23, Amer. Math. Soc., Providence, RI
2001, pp. 151-182
[45] Kac, V. G.: Infinite Dimensional Lie Algebras. Cambridge University Press, 1985
[46] Kapustin, A.: D-branes in a topologically nontrivial B-field. Adv. Theor. Math.
Phys. 4 (2000), 127-154
[47] Klimcˇik, C., Sˇevera, P.: Open Strings and D-branes in WZNW model. Nucl. Phys.
B488 (1997), 653-676
[48] Kontsevich, M.: Mirror symmetry in dimension 3. Se´minaire Bourbaki, 801,
Aste´risque 237 (1996), 275-293
[49] B. Kostant: Quantization and unitary representations. Lecture Notes in Math., vol.
170, Springer, Berlin 1970, pp. 87-207
[50] Kreuzer, M, Schellekens, A., N.: Simple currents versus orbifolds with discrete
torsion - a complete classification. Nucl. Phys. B 411 (1994), 97-121
[51] Mackaay, M.: A note on the holonomy of connections in twisted bundles,
math.DG/0106019
[52] Matsubara, K., Schomerus, V.,Smedback, M.: Open strings in simple current orb-
ifolds. Nucl. Phys. B O626 (2002), 53-72
[53] Meinrenken, E.: The basic gerbe over a compact simple Lie group. L’Enseignement
Mathematique 49 (2003), 307-333
59
[54] Moore, G.: K-Theory from a physical perspective. arXiv:hep-th/0304018
[55] Moore, G., Seiberg, N.: Lectures on RCFT. Physics, Geometry, and Topology,
Plenum Press, New York 1990
[56] Murray, M. K.: Bundle gerbes. J. London Math. Soc. (2) 54 (1996), 403-416
[57] Murray, M. K., Stevenson, D.: Bundle gerbes: stable isomorphisms and local theory.
J. London Math. Soc. (2) 62 (2000), 925-937
[58] Pawe lczyk, J.: SU(2) WZW D-branes and their non-commutative geometry from
DBI action. J. High Energy Phys. JHEP08 (2000), 006
[59] Petkova, V. B., Zuber, J.-B.: Conformal boundary conditions and what they teach
us. In: Proceedings of Nonperturbative Quantum Field Theoretic Methods and their
Applications, Horvath, Z., Palla, L. eds., World Scientific, Singapore 2001, pp. 1-35
[60] Picken, R.: TQFT’s and gerbes. In: Algebraic and Geometric Topology, 4 (2004),
243-272
[61] Polchinski, J.: TASI lectures on D-branes. arXiv:hep-th/9611050
[62] Reis, N.: Geometric interpretation of boundary conformal field theories. Ph.D. the-
sis. ENS-Lyon 2003
[63] Runkel, I.: Boundary structure constants for the A-series Virasoro minimal models.
Nucl. Phys. B 549 (1999), 563-578
[64] Runkel, I.: Structure constants for the D-series Virasoro minimal models. Nucl.
Phys. B 579 (2000), 561-589
[65] Schellekens, A. N.: The program Kac. http://www.nikhef.nl/∼t58/kac
[66] Schweigert, C., Fuchs, J., Walcher, J.: Conformal field theory, boundary conditions
and applications to string theory. In: Non-Perturbative QFT Methods and Their
Applications, Horvath, Z., Palla, L. eds., World Scientific, Singapore 2001, pp.
37-93 arXiv:hep-th/0011109
[67] Schomerus, V.: Lectures on branes in curved backgrounds. Class. Quant. Grav. 19
(2002), 5781-5847
[68] Sharpe, E. R.: Discrete torsion and gerbes I, II. arXiv:hep-th/9909108 and 9909120
[69] Vafa, C.: Modular invariance and discrete torsion on orbifolds. Nucl. Phys. B 273
(1986), 592-606
[70] Walcher, J.: Worldsheet boundaries, supersymmetry, and quantum geometry. ETH
dissertation No. 14225, 2001
[71] Witten, E.: Non-abelian bosonization in two dimensions. Commun. Math. Phys.
92 (1984), 455-472
[72] Witten, E.: Overview of K-theory applied to strings. J. Mod. Phys. A16 (2001),
693-706
